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Abstract: We study a second-harmonic generation interaction geometry in the case where
both group velocity mismatch and walk-off have significant impact. This results in a frequency-
converted beam exhibiting pulse front tilt. Using the global response function of the crystal, we
provide an analytical model that allows to predict the spatio-temporal structure of the second-
harmonic wavepacket and verify its validity using numerical simulations and a simple experiment.
Distinctive features of this geometry are the suppression of back-conversion and the ability to
conserve the fundamental bandwidth in the space and time domains. Subsequent compensation
of the pulse front tilt should allow efficient generation of ultrashort pulses in the deep ultraviolet.

© 2023 Optica Publishing Group

1. Introduction

Second harmonic generation (SHG) was the first nonlinear optical phenomenon to be observed
shortly after the invention of the laser [1]. Since then, it has proven invaluable to generate coherent
radiation in wavelength ranges where available laser materials exhibit mediocre properties or
are simply not available, in temporal regimes ranging from CW to femtosecond pulses. In
particular, mature laser technologies generating beams in the near infrared based on neodymium-
or ytterbium-doped materials can be used to produce high-power sources of light in the visible or
UV ranges [2-4], after wavelength conversion through SHG. The efficiency of the process and
the properties of the interaction and converted beams have been quite extensively described since
the 1960s [5].

Two phenomena, walk-off and group-velocity mismatch (GVM), are essential in understanding
SHG of short pulses that are tightly focused onto the nonlinear material. They are closely related
and can be seen as dual versions in the space and time domains of the same effect [6]: walk-off is
related to the first-order dependence of fundamental and/or second-harmonic wavevectors with
respect to angular deviations (or equivalently transverse component of the wavevector) from the
phase-matching angle. GVM is related to the first-order dependence of these same wavevectors
with respect to optical frequencies. Walk-off and GVM are also closely related to the notions of
angular and spectral acceptance respectively.

Theoretical descriptions and consequences of these effects have been available for decades in
various levels of complexity. Since the first formalism describing SHG with focused Gaussian
beam that included walk-off [5], other models have been developed to take into account GVM
alone [7,8]. An analytical model for the efficiency of SHG that takes both GVM and walk-off into
account was also published in 2003 [9]. However, this work does not establish the space-time
structure of the SHG beam, nor does it allow to predict its spatial and spectral widths.

Here we present a simple model that allows to predict the coupled space-time structure of
the SHG beam in the presence of both walk-off and GVM. Although it has been recognized in
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the context of pulse characterization techniques [10] that the simultaneous presence of these
effects leads to pulse front tilt (PFT), or equivalently angular dispersion, the implications have not
been examined for SHG to our knowledge. Our model is established in the spatial and temporal
frequency domain [6], as opposed to previous descriptions in the space / time domain [5,7-9]. It
matches the predictions of previous approaches, and also yields the explicit analytical solution
which allows to predict SHG bandwidths, efficiency, and spatio-temporal beam structure in a rather
general case, providing an analytical ground for what has been observed experimentally [11,12].
One important consequence is that in the presence of strong GVM and walk-off, back conversion
to the fundamental beam is suppressed in both the space and time domains, allowing to reach
large conversion efficiencies. Full 3D numerical simulations are performed to confirm the validity
of this model, making it a useful tool to design efficient frequency conversion stages for ultrashort
pulses, and an experimental confirmation of the presence of strong space-time couplings in the
SHG beam is presented. Practical consequences are expected to be important for the generation
of short pulses in the UV and DUV ranges, where both walk-off and GVM parameters have
large values, with possible applications to material processing and experiments involving the
generation of photoelectrons.

2. Intuitive description in the space-time domain

A simple picture in the space-time domain allows to establish the presence of PFT in the SHG
beam and determine its value, as shown in Fig. 1. Consider an input fundamental wavepacket
entering at the left side of the nonlinear crystal that exhibits both walk-off and GVM. During
propagation, at each location, this wavepacket triggers a second order polarization that radiates
the SHG beam. This beam propagates at a usually lower group velocity, at an angle determined
by the walk-off in the considered crystal. Fig. 1 shows in red the position of these individual
SHG beamlets at the time corresponding to the fundamental beam leaving the nonlinear crystal.
These beamlets are arranged in a line, with a PFT angle y given by
Vgl —Vg2COSp
Vg2 sinp

tany = (1)

where p is the walk-off angle, and v, and v, are the group velocities of the fundamental and
SHG pulses respectively. For sufficiently small values of the walk-off angle, this reduces to

GVM
tany ~ vg , 2
o

where the GVM parameter is defined by GVM = 1/v4 — 1/vg1. The factor GVM/p is the PFT
parameter in units of s/m, and only depends on the phase matching geometry. The presence
of PFT in the SHG beam is, to our knowledge, not mentioned in previous papers describing
efficient generation using thick crystals where GVM and walk-off are both present [11,12]. In
general, when the SHG beam quality and SHG efficiency is the major concern, configurations
with large GVM or walk-off are avoided. It is however at the basis of some pulse characterization
techniques that use sum-frequency mixing [10]. Although the PFT can hinder further applications,
it is well known that it is equivalent to angular dispersion [13, 14], and can be controlled, and
removed, using angularly dispersive optical components such as prisms and gratings. This would
correspond to the inverse of a technique that has been studied over the last 25 years [15-19],
where the idea is to generate SHG or perform another nonlinear frequency mixing from an input
pulse exhibiting PFT, in order to maximize the phase-matching bandwidth.

Although this simple picture in the time-space domain allows to evaluate the PFT and PFT
angles, it remains unclear what the detailed structure of the SHG beam is. For instance, what is
its optical bandwidth, or how does this beam diffract in the far field? To get more insight into this
process, and be able to predict such properties, we now describe this interaction in more details
using a simple analytical model.
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Fig. 1. Illustration of the origin of the pulse front tilt in the SHG beam in the presence of
GVM and walk-off. The black/grey colors are associated to the fundamental beam, and
the red color is associated to the SHG beamlets. The GVM and walk-off characteristic
lengths, corresponding to separation of the fundamental and SHG wavepackets in time
and space respectively, are also illustrated (respectively Lgym and Lwg).

3. Simple model in the wavevector-spectral domain

The model we develop here is based on the spatio-temporal generalization of the global
multidimensional response function, hereafter denoted Z. This approach, discussed earlier
within the plane-wave approximation [20], has been used previously in the context of broadband
SHG [21] and multidimensional spectroscopy [22,23]. While a complete theoretical development
is provided in the Appendix, this section focuses on the most relevant physical effects. As shown
in Fig. 1, we assume that the fundamental and SHG pulses propagate in the z direction, and we
keep only one spatial transverse dimension, x, chosen so that the xz plane contains the optical
axis. The complex electric field is written as a function of its 2D Fourier transform according to

: dk, d
E{')(Z’x’t):ﬂEf(Z,kx’w)et(kxx_wt) x 0.)’ 3)
2n 2nm

with ¢ = 1 for the fundamental and ¢ = 2 for the second harmonic. Second-order effects such
as diffraction in the space domain or group-velocity dispersion (GVD) in the time domain are
neglected for simplicity, although they can be readily included as shown in the Appendix. Pump
depletion is also neglected so that propagation of the fundamental pulse complex field is simply
described by

Ey (2, kx, w) = Ey (0, kx, w) exp (iki(ky, w)z), “4)

where k; is the wavevector of the fundamental wavepacket. We write the second-harmonic complex
field as E (7, ky, w) = Az (2, kx, w) exp (ika(ky, w)z), where ko (k,, w) is the wavevector of
the SHG wavepacket, and A; (z, ky, w) is a slowly-varying envelope. As shown in the Appendix,
the propagation of the SHG pulse is described within the paraxial wave approximation by

aAZ(Z’ kx, w) _ iw
0z T 2mepc

P (2, ky, w) exp (—iky(ky,w)z2), 5)

where n; is the refractive index at the SHG center frequency, gy is the vacuum permittivity, and ¢
is the speed of light in vacuum. The second-order nonlinear polarization P(?) is given by:

y?

2
&
pA (z,x,1) =OTEf(z,x, t). (6)
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Fourier transform and substitution of this expression in the propagation equation (5) leads, after

integrating over z, to the following expression for the SHG pulse envelope

dk x1 dw1
2 2n°

Ar(z, ky,w) = ﬂE(an kx1, w, w1)E1(kx1, w1)E1(ky = kx1, w0 — w1) (7

where the dropped dependence on z in E| means that it is taken at z = 0. In the above equation,
we have introduced the multidimensional spatio-temporal response function E(ky, kx|, w, w1),
expressed below as a function of the wavevector mismatch, Ak:

iwy® exp (iAk(ky, ky,, w, w1) 2) = 1

E(ky, kyl, 0, w1) = . 8
( x5 @, 1) 4nyc iNk(ky, ky,, w, 1) ®)

The wavevector mismatch Ak is itself defined as
Ak (kx’ kX[?w5w1) = kl (kX]vwl) + kl (kx - kX]’w - (,U]) - k2 (kwi) . (9)

The result of Eq. (7) is somewhat similar to previous approaches [5, 9] but is formulated here in
Fourier space. We now start by assuming perfect phase matching (Ak = 0) as a reference point
for later derivations. In this case, E = iwy ? z/(4n,¢) and the second harmonic pulse is simply
given by

jwy® dky, d
wy w1
A2,PM (Z,kx,(U):Z 47126‘ /]El (leiwl)El (kx_kxl’w_wl) 2;1? (10)

We recover the fact that the intensity of the SHG beam grows like z%>. SHG can be interpreted as
a summation of sum-frequency processes both in the temporal and spatial frequency domains. In
the case where the fundamental wavepacket E; is a Gaussian function in space and time, the
autoconvolution operation results in a SHG pulse with a spectral width multiplied by V2, and a
spatial frequency width multiplied by the same factor. This corresponds to a pulsewidth and a
beam radius divided by V2, a well-known result that stems from the quadratic polarization term.

Let us now consider the case where the wavevectors exhibit first-order dependencies on w and
k. as follows:

ok
ki (ky,w) = ka(@0) + 2= (@ — wo) (11)
w
k k
ko (kx, w) = ka(2wp) + ks (w = 2wp) + 2kx. (12)
dw ok

In this case, for simplicity, we have considered a type I (ooe) SHG where the fundamental beam
is polarized along the ordinary axis of the nonlinear crystal, so that its k-vector does not depend
on k, or equivalently the phase matching angle. However, the SHG beam is polarized along the
extraordinary axis, and therefore exhibits walk-off. Note that this analysis can be extended to
other phase-matching geometries. The phase mismatch is thus given by:

0ki Ok Ok

Ak (kx,kxl,w,wl) = (% - %) (CU—Z(UO) - ok

kxy=GVM xQ —p X ky, (13)
where we have identified the GVM parameter and walk-off angle, and Q = w — 2wg. We
can see that, to first order, 4k does not depend on w; and ky,, so that the response function
B(kx, kx1,w,w) = E(ky,w) can be taken out of the integral in Eq. (7). The response function
then merely acts as a filter that will attenuate (k,, ) components that are not phase matched.
As a result, the emitted SHG field can be written as:

Akz) (14)

Ak
A (2, ky, Q) = Ao pr (2, kx, Q) exp (ZTZ) sinc (T .
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The SHG field can therefore be decomposed into the product of the perfectly phase-matched
result, that occupies a region of the (ky, ) space, with the standard sinc function describing
phase matching effects. The additional phase term is linear in w and k,, and therefore simply
corresponds to a shift in the time and space domains. To determine the region of the (k,, Q)
space that corresponds to perfect phase matching, we set Ak = 0 and find

GVM

ky=—Q, 15)
g

describing a linear angular dispersion that is coherent with the PFT established in Eq. (2).

3.1. Spectral and wavevector widths

Fig. 2. Schematic of the (ky,Q) plane showing the extent of the second-order
polarization term resulting in A, pps and the Ak = 0 line in the presence of both
walk-off and GVM. The dashed-line ellipse represents schematically A,, obtained by
multiplying Ay pps by the response function. The different spectral and angular widths
are also shown.

In addition to recovering this result, this simple model allows to compute the overall widths of
the radiated SHG beam. For this, Fig. 2 helps visualizing the situation in the (k,, £2) domain.
The spatio-temporal response function sinc (Akz/2) acts as a filter in the (k,, Q) plane, resulting
in the SHG field represented by the dashed-line ellipse. Let us assume that the input fundamental
beam is Gaussian in space and time:

t2 x2 ((A) — w0)2 k2
— — —— —iwot| «— E(ky,Q - -—=1,
W oA ' 1k Q) ecexp | ==~ oA
(16)
with widths in the space and time domains verifying At Aw = 1 and Ax Ak, = 1. The

experimentally used full width at half maximum (FWHM) pulse duration 4¢gw g and beam
waist radius w are related to these widths by Atpwgay = 2VIn2 Ar and w = V2Ax. As already

Ei(x,t) ccexp|—
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mentioned, in this case, the perfectly phase matched SHG field is given by the autoconvolution of
the 2D Gaussian function, and therefore

2 Q? k3
|A2, P (2, kx, Q)| o< exp (—m - Vel (17)
The coordinates of half intensity of this pulse in the 2D (k, Q) plane are given by
APQ? + A’ k2 = 2In2 (18)

The overall full widths at half maximum (FWHM) in the Fourier domains are obtained along the
Ak = 0 line, yielding the following results:

2V2In2
AQrwHM = -
JA2 + GV M2 %

2V2In2

Aky FwaHM = ———. (20)

2 2__Af?
Ax* +p SV

19)

These equations formally establish an experimental observation that was reported several
times [7, 12] with the following qualitative argument: in the presence of significant walk-off,
instead of being determined by the overall nonlinear medium length, the spectral width is related
to the walk-off length Ly o = Ax/p, because the fundamental and SHG fields interact coherently
only over this distance. Symmetrically, the angular spectrum is determined by the GVM length
Lgvm = AI/GVM

If we assume k, = 0, corresponding to a large, collimated beam for which walk-off can be
neglected, the spectral acceptance is limited by the sinc term instead of the input beam imprint in
the (k,, Q) plane along the Ak = 0 line. In this case we recover the usual spectral acceptance

21 0.886

Ao wo =Gy

(2D
where L is the crystal length. Similarly, if we assume Q = 0, corresponding to a narrowband
fundamental pulse, the angular acceptance is given by

21 0.886

oL (22)

Aky no GVM =

3.2. Efficiency

This simple model also allows to evaluate the efficiency in the simultaneous presence of GVM
and walk-off, a question that was already answered in previous work [9]. Here we show that the
results are coherent with the literature and cast in a way that makes the symmetry between time
and space clearer. To compute the efficiency, we must take the magnitude squared of Eq. (14)
and integrate it over £ and k,. We define the efficiency of the perfectly phase-matched process as
npm = noL?, and assume that the distribution of the wavepacket in the (k,, Q) plane is separable
as a Gaussian function along the ellipse major axis and a sinc function along the minor axis. This
is equivalent to saying that at least one of the effects, among WO and GVM, is strong enough to
significantly reduce the spectral or angular acceptance. In this case the efficiency is found to be
given by

LwolL
n = V2 —aQ=CGVM (23)
2 2
Lyo+tLgvm
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The efficiency is now linear with propagation distance, a well-known result, and limited by
an effective coherent interaction length that depends symmetrically on the walk-off and GVM
lengths. We now turn to numerical simulations to validate the predictions of this simple model
both in terms of the amount of PFT present in the output SHG beam and its angular and spectral
distribution.

4. Numerical simulations

The numerical model is based on two envelope propagation equations [24] for the fundamental and
SHG beams respectively, coupled through the second-order nonlinear polarization corresponding
to the specific wave-mixing of interest. These fields are three-dimensional E(x,y,t) and propagated
in the direction z using a split-step Fourier method: linear effects such as diffraction and dispersion
are accounted for in the Fourier domain, while nonlinear effects are implemented in the direct
space, over successive longitudinal propagation steps [25]. The wavevectors dependence on
frequency and angle for each field are calculated using the full Sellmeier equations of the
considered material [26]. This results in a model where dispersion to all orders (therefore
including phase matching, GVM and GVD), walk-off, diffraction, and second-order nonlinear
effects are completely taken into account. Pump depletion will therefore be observed for a
sufficiently efficient interaction. Third-order nonlinear effects are also included but play a
negligible role at the considered intensities.

As a starting point, we consider an input Gaussian fundamental pulse at 515 nm with a FWHM
pulsewidth of 300 fs, and a beam waist radius (at 1/¢? in intensity) of 25 1m located at the center
of the crystal. This pulse is launched into an 8 mm-long BBO crystal at a phase matching angle
of 8=49.8°, corresponding to type I (ooe) phase matching for SHG. The confocal parameter
corresponding to this pump beam radius in the crystal is 12.6 mm, while the GVD values at the
pump and SHG wavelengths are 140 fs>/mm and 460 fs>/mm. As a result, diffraction and GVD
have a limited impact on propagation.

The GVM parameter and walk-off angle in this situation are 630 fs/mm and 85 mrad. Over the
8 mm-long crystal, this translates into a delay between fundamental and SHG pulses of 5 ps and
an overall lateral beam displacement of 680 nm, corresponding to very pronounced GVM and
walk-off effects.

Figure 3 shows the spatio-temporal structure of the output SHG beam, along with integrated
profiles in the time domain and along the critical phase matching direction x, obtained both from
the analytical analysis of section 3 using Eq. (14), and from the full simulation with a very low
input energy of 0.1 nJ, where pump depletion is negligible. The pulse front tilt expected from
the simple argument of section 2 is clearly observed, with a PFT of 7.4 ps/mm. The analytical
and simulation results are in very good agreement, except for the signal enhancement around
x = 0 (and hence ¢ = 0) due to pump beam size variations that are not taken into account in
the analytical model. The observed linear coupling in the space-time domain is mirrored in the
Fourier space-time domain, corresponding to angular dispersion.

In the remainder of this section, the input pulse energy is set to 5 nJ. The simulation results
are shown in Fig. 4. In this case, in addition to the spatio-temporal structure, pump depletion
causes the intensity of the SHG beam to increase gradually over time, because the SHG beamlets
generated at the beginning of propagation, when the pump intensity is the highest, are delayed the
most. In this case, the overall efficiency is 56%. This high value illustrates a distinctive feature
of this frequency conversion geometry: because GVM and walk-off separate the fundamental
and SHG radiations in time and space over rather small propagation distances compared to the
crystal length, back-conversion, which supposes a coherent interaction, is suppressed.

The output SHG beam profiles in the near and far fields are shown in Fig. 5. As expected, the
SHG beam at the output facet of the crystal exhibits a strongly asymmetric beam profile induced
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Fig. 3. Left: Spatio-temporal structure of the output SHG beam obtained from the
analytical model (Fourier transform of Eq. (14)), and projections on the time and space
axes (blue). Right: Same plot obtained from full numerical simulations at an input
energy of 0.1 nJ, the red curve corresponds to the fundamental pulse at the output of
the crystal.
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Fig. 4. Spatio-temporal structure of the output SHG beam obtained from full numerical
simulations at an input energy of 5 nJ, and projections on the time and space axes (blue).
The red curve corresponds to the fundamental pulse at the output of the crystal.

29 by the walk-off. However, contrary to the situation where GVM is negligible, this elongated
230 profile in the near field does not translate into an equivalently elongated profile in the far field,
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with interchanged axes. The reason for this was identified, for example in [16]: because of the
space-time coupling, wavepackets with PFT exhibit diffraction properties that are related to the
instantaneous size of the beam rather than the time-integrated one, leading to stronger diffraction.
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Fig. 5. Output SHG beam (left) and corresponding far field (right).

To get more physical insight into the behavior of SHG output spectral width and far-field width
as a function of input parameters of the pump pulse such as pulsewidth and beam size, the model
is used repeatedly while scanning one parameter. From the starting point, we first vary the input
beam radius with values of 25 pm, 50 pm, and 100 pm. To keep the peak intensity constant,
the pump pulse energy is set to 5 nJ, 20 nJ, and 80 nJ respectively. The SHG output spectrum,
integrated over space, is shown in Fig. 6 (left). As expected from the analytical analysis, the
spectral width is reduced as the input beam size increases, with values of 0.35 nm, 0.24 nm,
and 0.14 nm. The results given by Eq. (19) are 0.37 nm, 0.26 nm, and 0.14 nm, in excellent
agreement. For these situations where the walk-off displacement is much larger than the input
beam size, the spectral width scales like the inverse of the input beam size. This is in line
with experimental observations [7, 12], and the following explanation: as the length over which
fundamental and SHG radiations interact coherently in the space domain Ly increases, the
spectral width is reduced because of the limited spectral acceptance of the crystal. However, for
small initial beam sizes, the SHG pulse can be generated over the full input bandwidth, yielding
a way to efficiently convert short pulses even in the presence of a large GVM, or equivalently a
small spectral acceptance.

Symmetrically, from the starting point, we vary the pump pulsewidth with values of 300 fs,
600 fs, and 1200 fs, and pulse energies scaled to 5 nJ, 10 nJ, and 20 nJ respectively. Figure 6
(right) shows the time-integrated SHG far fields, yielding a result expected from Eq. (20): as the
length over which fundamental and SHG radiations interact coherently in the time domain LGy ps
increases, the angular width is reduced because of the limited angular acceptance of the crystal.
However the full input wavevector spectrum can be converted if a sufficiently small pulsewidth
is used at the input. The spatial frequency FWHM observed in simulations are 12 mm~', 7.0
mm~! and 3.8 mm™~!, while Eq. (20) yields values of 12 mm~!, 7.2 mm~!, and 3.8 mm~!, again
in excellent agreement.

5. Experimental confirmation of the presence of angular dispersion

Finally, we perform an experiment to evidence the presence of PFT, or equivalently angular
dispersion, in the output SHG beams when both GVM and walk-off play an important role.
Starting from an ytterbium-doped femtosecond laser system at 1030 nm, we generate 300 fs
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pulses at 515 nm in a first type [ SHG stage using a 4 mm-long LBO crystal. These pulses are
then focused onto a beam diameter of approximately 60 pm inside a 9.4 mm-long BBO crystal
cut for type I SHG at 515 nm to generate a beam at 257 nm. These conditions approximately
match the situation considered in the numerical simulations section.

The near field of the beam generated at 257 nm is measured by imaging the output facet of the
nonlinear crystal onto a camera, and is displayed in Fig. 7. The strong beam asymmetry shown
by the simulation in Fig. 5 is clearly observed. The spot that appears on top of the line is the
fundamental beam at 515 nm. The far-field, measured using the same camera by removing the
imaging lens, is shown in Fig. 7, and is also in qualitative agreement with the simulations. In
particular, the difference in size between the vertical and horizontal directions is not at all as
pronounced as in the near-field, because of the presence of strong spatio-temporal couplings.

Near field Far field

y (mm)
y (mm)

-1 -0.5 0 0.5 1
x (mm) X (mm)

Fig. 7. Measured near-field (left) and far-field (right) profiles of the DUV beam.

To obtain a quantitative estimation of the PFT, we let the generated UV beam propagate to
the far field and a spectrometer coupled to a 50 nm diameter multimode fiber mounted on a
translation stage is positioned 31 cm away from the crystal. This allows to measure the spatial
chirp at this location, a consequence of the angular dispersion. The data is plotted as spectra as a
function of deviation angle from the beam center.

Figure 8 shows the result of this measurement. The left panel shows that the central wavelength
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Fig. 8. Left: Measured SHG spectra in the far field at deviations angle varying from
-4.8 mrad to +4.8 mrad from the optical axis in the critical phase matching plane. Right:
deviation angle as a function of centroid wavelength, with a slope of 9.0 mrad/nm.

shifts as the fiber is translated in the UV beam, as expected for an angularly dispersed beam.
The right panel shows the angular deviation as a function of centroid wavelength, with an
experimentally measured angular dispersion of 9.0 mrad/nm. This value is very close to the
theoretically expected one of 30/0A = PFT X ¢/1p = 8.6 mrad/nm. This simple experiment
therefore confirms the spatio-temporal structure of the SHG beam.

6. Conclusion

To conclude, we have presented an analytical model that predicts the spatio-temporal structure
of SHG beams when both GVM and walk-off play a significant role. We show that a pulse
front tilt is imparted onto the beam, as the fundamental and SHG wavepackets separate in both
space and time. This separation implies that the coherent interaction length is limited both in
the time and space domains, therefore suppressing the possibility for back conversion. As a
result, it is possible to obtain high SHG efficiencies using this scheme, even for pulses exhibiting
a bandwidth that exceeds the spectral acceptance of the crystal. The output beam PFT can be
compensated using standard optical elements that introduce angular dispersion such as gratings
and prisms. When pump depletion is negligible, the output pulses exhibit a square-shaped profile
in the time domain and in the direction of critical phase-matching. The onset of pump depletion
causes these profiles to become inhomogeneous. To generate more spatially symmetric profiles,
beam reshaping techniques using e. g. cylindrical lenses could be used.

This nonlinear interaction geometry bears some similarities with broadband phase matching
techniques based on the introduction of pulse front tilt in the input interacting beams. These
techniques also require compensation of the output PFT in the generated beam. However, in the
case studied here, there is no need for spatio-temporal beam management of the input pulses.
The lack of back-conversion is also a distinctive feature, that avoids bandwidth-limiting effects
and related spectral and spatial profiles distortions.

The nonlinear interaction geometry described here is particularly relevant for conversion to the
UV /DUV ranges, where indices of refraction of nonlinear crystals vary rapidly both as a function
of wavelength and angle, yielding large values of walk-off and GVM parameters. Subsequent PFT
compensation might therefore prove useful to efficiently convert broad bandwidth visible pulses
to the UV while conserving a short pulse duration. The peculiar properties of this interaction
geometry call for a reexamination of available nonlinear crystals properties in this wavelength
range, since GVM and walk-off are no longer mechanisms that limit the focusing and/or spectral
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Appendix

In this appendix, we provide a detailed spatio-temporal calculation in Fourier space, including
two transverse spatial coordinates and the effects of diffraction and group-velocity dispersion.
We write the complex electric field, E, (7, t), using its 4D Fourier transform

E(F, 1) = (2;)4 / // E¢(k,w)exp(i(k - 7 — wt))d’kdw. (24)

Within the non-depleted pump approximation, the fundamental field £ (l_c), w), assumed here to
be an ordinary wave, simply obeys the linear propagation equation

(= (k3 + k5 + k2) + ki ())Er (kx, ky, ko, w) =0, (25)
where k1 (w) = n,(w)w/c. Within the paraxial wave approximation, we write
Ei(kx ky,z,0) = Ay (ky, ky, 2, w)e 1(@)2] (26)

where Aj(ky, ky, z,w) is an envelope assumed to vary slowly with respect to z, the propaga-
tion axis. The corresponding expression in Fourier space simply reads E(kx, ky, k;, w) =
Ai(ky, ky, k; —ki(w), w), orequivalently Ay (kx, ky, kz,w) = E1(ky, ky, ki (w)+k,w), where
k; = k; — k1 (w) is small with respect to k;(w). The paraxial wave approximation consists of
keeping terms up to first order in k, and up to second order in k, and k. Replacing in Eq. (25)

and neglecting the term in K%, we obtain
(=k3 = k3 = 2k (@)iz) A (k. ky, Kz, @) =0, 27)
or
T+
iKZAl(kx,ky,KZ,a)) :—imAl(kx,ky,Kz,U)). (28)
Going back to real space for coordinate z, we obtain
dA, k3 + k3
— =-i Ay (ky, ky, 7, w), 29
9z le](u)) l(x yZ‘U) (29)

which immediately yields

(30)

k2 + k2
Ar(kx, ky,z,w) = A1 (ky, ky, w)exp | =i .

2k (w)

We thus recover the well-known expression of the electric field in wavevector space within the
paraxial wave approximation,

2ki(w) @D

( k2 +k2 )
Ei(kx, ky,z,w) = E1(ky, ky, w) exp |iki(w)z —i zl,
where the dropped dependence on z in £ means that we are considering the field at the entrance
of the crystal, E1(kyx, ky,w) = A1 (ky, ky,w) = E1(kx, ky,0,w). Eq. (31) includes the effects
of both diffraction and dispersion and allows to compute the fundamental field E{(x, y, z,¢)
through a 3D Fourier transform, so that the second-order polarization P (x,y, z,f) can be

readily calculated, as well as its counterpart in Fourier space.
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Let us now turn to the propagation of the second harmonic. Assuming that the crystal axis lies
in the xz plane, the propagation equation now reads

2
w
(—(K3 + k5 + k2) + ko (ko 0)?) Ex (ki ky, k2 w) = -— CZP<2)(kx, ky ks, w),  (32)
0

where we have included the second-order polarization as a known source term. Note that, due
to the crystal anisotropy, the quantity ks (ky, w) = n.(6(ky), w)w/c depends on the transverse
component k. Indeed, within the paraxial wave approximation we can write 8 = 6y — k. / k2 (w),
where 6 is the angle between the z axis and the optical axis and k;(w) = n.(8p, w)w/c. The
first-order derivative of the wavevector with respect to k reads

0k,  wdn.(0) 00
Ok, ¢ 00 Oky

where we have used the well-known relation verified by the tangent of the walk-off angle, p,

=tanp, (33)

1 dn.(0) ! Iy .
t =- =n.0) = -—= 26. 4
an p @) db ne(0) ( ) n%) sin (34)

Proceeding as for the fundamental beam, we consider the envelope Aj(ky,ky, Kz, w) =
Er(ky, ky, ka(ky, w) + k7, ), so that Eq. (32) becomes

2
—(K2 4 K2 4 2ka (ks 0)k) Aa (ks Ky Ky @) = =~z PO (s ey, Ko (s @) + Ky @) (35)
€nC
or
2+ k2
ik Az (kx, ky, Kz w) = _iE%EfZ;::JSAz(kX’ky’KZ’QO
jw?

+mp(z)(kx,ky,kz(kx,w)+Kz,w)- (36)
X

Going back to real space for the z coordinate, we obtain
aAz(kX7ky7Z,w) _ N k)26+k§/

9z " (k)
iw?

+ e —

2e0c2ky(ky, w)

The resolution of this first-order differential equation is straightforward and yields the SHG

envelope
iw? ( k% +k2 )

A2(kxa ky’ 2, 0.))

PP (ky, ky, z, w)e ke lkx@)z, 37

Ax(ky, ky,z, = —_
2k bz ) = e P )

k2 + k2

z
[) P(z)(kx,ky,z',w)exp(—ikz(kmw)z’+imz' dz’. (38)

In order to calculate the integral along the z axis, we write the explicit expression of the
second-order polarization by Fourier transforming the real-space expression P\?) (x,y, z,1) =
%eo P E|(x,y,z,1)%, which yields the convolution product

(2)
PO (ki by, 2 0) = 2 ///El(kxl,kyl,z,wl)

Ei(ky = kx1,ky = ky1,2,0 — w1)

dky dkyi @
2 2n 2n

(39)
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Let us introduce the multidimensional wavevector mismatch function, defined as
Ak(kx, kxt, ky, ky, w, w1) = ki(w1) + ki(w - wr) = ka(kx, )
KR k)’ k)RR
2k (w1) 2k (w1) 2ko(ky,w)

Atcenter frequency and with wavevectors aligned along the z axis, we have Ak (0, 0,0, 0, 2wy, wp) =
2k1(wg) —k2(2wp) = 0, since we assume that phase matching is fulfilled. However, the mismatch
function Ak will depart from zero for other frequency or wavevector values due to the finite
spectral and angular acceptance of the phase-matching condition. Eq. (38) now becomes

iw?y? kK
—————eXp | I—/———2
4¢c2ky (ky, w) 2k (ky, w)

///El(kxl,kyl,wl)El(kx—kxl,ky—kyl,w—wn @1)

V4
(/ eiAk(kx,kxl,ky,kyl,w,wl)z’dzr) dkyy dky1 dw,
0

(40)

A2(kxa ky’ <5 w) =

2 2n 2n

The integration over z is straightforward and leads to the introduction of the multidimensional
spatio-temporal global response function

w2y @ k2 + k2
E(k)m kxls ky, kyl»w’wl) = e X p( = - )

— ¢ -y -z
4c2ky (ky, w) * lzkz(kx,w)z
exp (iAk (ky, kx1, ky, ky1, w, w1)z) — 1
Ak (K, kx1, ky, kyt, w, 1) ’

which is the spatio-temporal generalization of the global response function, previously introduced
in frequency domain only. The second-harmonic field envelope now simply reads

A2(kx,ky,Z,(l)):Ma(kx,kxl,ky,kyl,w,WI)

El(kxl, kyl, (Ul)El(kx — kx1, ky - kyl,a) - 0-)1)

(42)

dky dky1 dw;

2n 2w 2m
This expression allows to easily compute the SHG field for any spatio-temporal shape of the
incident field. It can be easily simplified depending on actual experimental conditions. For
example, if we except the case of tightly-focused beams [5] and assume that the crystal thickness
is smaller than the confocal parameter, we can neglect diffraction terms in k)zc + kg. The mismatch
function then depends only on k, (at first order), and on the frequency variables, with

Ak(ky, w,w1) = ki(wy) + ki (w - wr) = ka(ky, w). (44)

(43)

This expression can be used to compute SHG taking into account walk-off, group-velocity
mismatch and group-velocity dispersion (GVD). Additionally, neglecting GVD, we can use a
first-order expansion of the wavevectors (Eq. (11) and (12)) and retrieve Eq. (13). Also, note
that Eq. (42) can be simplified by neglecting the slow variation of k; (ky, w) with respect to ky
and w in the prefactor (but of course not in the phase term in Ak where the consequences of this
variation are more dramatic). By setting kK, = npw/c in this prefactor, and neglecting diffraction,
we thus easily recover Eq. (8) from Eq. (42).
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