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Abstract: We study a second-harmonic generation interaction geometry in the case where11

both group velocity mismatch and walk-off have significant impact. This results in a frequency-12

converted beam exhibiting pulse front tilt. Using the global response function of the crystal, we13

provide an analytical model that allows to predict the spatio-temporal structure of the second-14

harmonic wavepacket and verify its validity using numerical simulations and a simple experiment.15

Distinctive features of this geometry are the suppression of back-conversion and the ability to16

conserve the fundamental bandwidth in the space and time domains. Subsequent compensation17

of the pulse front tilt should allow efficient generation of ultrashort pulses in the deep ultraviolet.18

© 2023 Optica Publishing Group19

1. Introduction20

Second harmonic generation (SHG) was the first nonlinear optical phenomenon to be observed21

shortly after the invention of the laser [1]. Since then, it has proven invaluable to generate coherent22

radiation in wavelength ranges where available laser materials exhibit mediocre properties or23

are simply not available, in temporal regimes ranging from CW to femtosecond pulses. In24

particular, mature laser technologies generating beams in the near infrared based on neodymium-25

or ytterbium-doped materials can be used to produce high-power sources of light in the visible or26

UV ranges [2–4], after wavelength conversion through SHG. The efficiency of the process and27

the properties of the interaction and converted beams have been quite extensively described since28

the 1960s [5].29

Two phenomena, walk-off and group-velocity mismatch (GVM), are essential in understanding30

SHG of short pulses that are tightly focused onto the nonlinear material. They are closely related31

and can be seen as dual versions in the space and time domains of the same effect [6]: walk-off is32

related to the first-order dependence of fundamental and/or second-harmonic wavevectors with33

respect to angular deviations (or equivalently transverse component of the wavevector) from the34

phase-matching angle. GVM is related to the first-order dependence of these same wavevectors35

with respect to optical frequencies. Walk-off and GVM are also closely related to the notions of36

angular and spectral acceptance respectively.37

Theoretical descriptions and consequences of these effects have been available for decades in38

various levels of complexity. Since the first formalism describing SHG with focused Gaussian39

beam that included walk-off [5], other models have been developed to take into account GVM40

alone [7,8]. An analytical model for the efficiency of SHG that takes both GVM and walk-off into41

account was also published in 2003 [9]. However, this work does not establish the space-time42

structure of the SHG beam, nor does it allow to predict its spatial and spectral widths.43

Here we present a simple model that allows to predict the coupled space-time structure of44

the SHG beam in the presence of both walk-off and GVM. Although it has been recognized in45



the context of pulse characterization techniques [10] that the simultaneous presence of these46

effects leads to pulse front tilt (PFT), or equivalently angular dispersion, the implications have not47

been examined for SHG to our knowledge. Our model is established in the spatial and temporal48

frequency domain [6], as opposed to previous descriptions in the space / time domain [5, 7–9]. It49

matches the predictions of previous approaches, and also yields the explicit analytical solution50

which allows to predict SHG bandwidths, efficiency, and spatio-temporal beam structure in a rather51

general case, providing an analytical ground for what has been observed experimentally [11, 12].52

One important consequence is that in the presence of strong GVM and walk-off, back conversion53

to the fundamental beam is suppressed in both the space and time domains, allowing to reach54

large conversion efficiencies. Full 3D numerical simulations are performed to confirm the validity55

of this model, making it a useful tool to design efficient frequency conversion stages for ultrashort56

pulses, and an experimental confirmation of the presence of strong space-time couplings in the57

SHG beam is presented. Practical consequences are expected to be important for the generation58

of short pulses in the UV and DUV ranges, where both walk-off and GVM parameters have59

large values, with possible applications to material processing and experiments involving the60

generation of photoelectrons.61

2. Intuitive description in the space-time domain62

A simple picture in the space-time domain allows to establish the presence of PFT in the SHG63

beam and determine its value, as shown in Fig. 1. Consider an input fundamental wavepacket64

entering at the left side of the nonlinear crystal that exhibits both walk-off and GVM. During65

propagation, at each location, this wavepacket triggers a second order polarization that radiates66

the SHG beam. This beam propagates at a usually lower group velocity, at an angle determined67

by the walk-off in the considered crystal. Fig. 1 shows in red the position of these individual68

SHG beamlets at the time corresponding to the fundamental beam leaving the nonlinear crystal.69

These beamlets are arranged in a line, with a PFT angle γ given by70

tan 𝛾 =
𝑣𝑔1 − 𝑣𝑔2 cos 𝜌

𝑣𝑔2 sin 𝜌
, (1)

where ρ is the walk-off angle, and 𝑣𝑔1 and 𝑣𝑔2 are the group velocities of the fundamental and71

SHG pulses respectively. For sufficiently small values of the walk-off angle, this reduces to72

tan 𝛾 ≈ 𝑣𝑔1
GVM
𝜌

, (2)

where the GVM parameter is defined by GVM = 1/𝑣𝑔2 − 1/𝑣𝑔1. The factor GVM/ρ is the PFT73

parameter in units of s/m, and only depends on the phase matching geometry. The presence74

of PFT in the SHG beam is, to our knowledge, not mentioned in previous papers describing75

efficient generation using thick crystals where GVM and walk-off are both present [11, 12]. In76

general, when the SHG beam quality and SHG efficiency is the major concern, configurations77

with large GVM or walk-off are avoided. It is however at the basis of some pulse characterization78

techniques that use sum-frequency mixing [10]. Although the PFT can hinder further applications,79

it is well known that it is equivalent to angular dispersion [13, 14], and can be controlled, and80

removed, using angularly dispersive optical components such as prisms and gratings. This would81

correspond to the inverse of a technique that has been studied over the last 25 years [15–19],82

where the idea is to generate SHG or perform another nonlinear frequency mixing from an input83

pulse exhibiting PFT, in order to maximize the phase-matching bandwidth.84

Although this simple picture in the time-space domain allows to evaluate the PFT and PFT85

angles, it remains unclear what the detailed structure of the SHG beam is. For instance, what is86

its optical bandwidth, or how does this beam diffract in the far field? To get more insight into this87

process, and be able to predict such properties, we now describe this interaction in more details88

using a simple analytical model.89



Fig. 1. Illustration of the origin of the pulse front tilt in the SHG beam in the presence of
GVM and walk-off. The black/grey colors are associated to the fundamental beam, and
the red color is associated to the SHG beamlets. The GVM and walk-off characteristic
lengths, corresponding to separation of the fundamental and SHG wavepackets in time
and space respectively, are also illustrated (respectively 𝐿GVM and 𝐿WO).

3. Simple model in the wavevector-spectral domain90

The model we develop here is based on the spatio-temporal generalization of the global91

multidimensional response function, hereafter denoted Ξ. This approach, discussed earlier92

within the plane-wave approximation [20], has been used previously in the context of broadband93

SHG [21] and multidimensional spectroscopy [22,23]. While a complete theoretical development94

is provided in the Appendix, this section focuses on the most relevant physical effects. As shown95

in Fig. 1, we assume that the fundamental and SHG pulses propagate in the 𝑧 direction, and we96

keep only one spatial transverse dimension, 𝑥, chosen so that the 𝑥𝑧 plane contains the optical97

axis. The complex electric field is written as a function of its 2D Fourier transform according to98

𝐸ℓ (𝑧, 𝑥, 𝑡) =
∬

𝐸ℓ (𝑧, 𝑘𝑥 , 𝜔)𝑒𝑖 (𝑘𝑥 𝑥−𝜔𝑡 ) 𝑑𝑘𝑥
2𝜋

𝑑𝜔

2𝜋
, (3)

with ℓ = 1 for the fundamental and ℓ = 2 for the second harmonic. Second-order effects such99

as diffraction in the space domain or group-velocity dispersion (GVD) in the time domain are100

neglected for simplicity, although they can be readily included as shown in the Appendix. Pump101

depletion is also neglected so that propagation of the fundamental pulse complex field is simply102

described by103

𝐸1 (𝑧, 𝑘𝑥 , 𝜔) = 𝐸1 (0, 𝑘𝑥 , 𝜔) exp (𝑖𝑘1 (𝑘𝑥 , 𝜔)𝑧) , (4)

where k1 is the wavevector of the fundamental wavepacket. We write the second-harmonic complex104

field as 𝐸2 (𝑧, 𝑘𝑥 , 𝜔) = 𝐴2 (𝑧, 𝑘𝑥 , 𝜔) exp (𝑖𝑘2 (𝑘𝑥 , 𝜔)𝑧), where 𝑘2 (𝑘𝑥 , 𝜔) is the wavevector of105

the SHG wavepacket, and 𝐴2 (𝑧, 𝑘𝑥 , 𝜔) is a slowly-varying envelope. As shown in the Appendix,106

the propagation of the SHG pulse is described within the paraxial wave approximation by107

𝜕𝐴2 (𝑧, 𝑘𝑥 , 𝜔)
𝜕𝑧

=
𝑖𝜔

2𝑛2𝜀0𝑐
𝑃 (2) (𝑧, 𝑘𝑥 , 𝜔) exp (−𝑖𝑘2 (𝑘𝑥 , 𝜔)𝑧) , (5)

where 𝑛2 is the refractive index at the SHG center frequency, ε0 is the vacuum permittivity, and c108

is the speed of light in vacuum. The second-order nonlinear polarization 𝑃 (2) is given by:109

𝑃 (2) (𝑧, 𝑥, 𝑡) = 𝜀0𝜒
(2)

2
𝐸2

1 (𝑧, 𝑥, 𝑡). (6)



Fourier transform and substitution of this expression in the propagation equation (5) leads, after
integrating over z, to the following expression for the SHG pulse envelope

𝐴2 (𝑧, 𝑘𝑥 , 𝜔) =
∬

Ξ(𝑘𝑥 , 𝑘𝑥1, 𝜔, 𝜔1)𝐸1 (𝑘𝑥1, 𝜔1)𝐸1 (𝑘𝑥 − 𝑘𝑥1, 𝜔 − 𝜔1)
𝑑𝑘𝑥1
2𝜋

𝑑𝜔1
2𝜋

, (7)

where the dropped dependence on z in 𝐸1 means that it is taken at z = 0. In the above equation,110

we have introduced the multidimensional spatio-temporal response function Ξ(𝑘𝑥 , 𝑘𝑥1, 𝜔, 𝜔1),111

expressed below as a function of the wavevector mismatch, Δ𝑘:112

Ξ(𝑘𝑥 , 𝑘𝑥1, 𝜔, 𝜔1) =
𝑖𝜔𝜒 (2)

4𝑛2𝑐

exp
(
𝑖Δ𝑘 (𝑘𝑥 , 𝑘𝑥1 , 𝜔, 𝜔1

)
𝑧) − 1

𝑖Δ𝑘 (𝑘𝑥 , 𝑘𝑥1 , 𝜔, 𝜔1)
. (8)

The wavevector mismatch Δ𝑘 is itself defined as113

Δ𝑘
(
𝑘𝑥 , 𝑘𝑥1 , 𝜔, 𝜔1

)
= 𝑘1

(
𝑘𝑥1 , 𝜔1

)
+ 𝑘1

(
𝑘𝑥 − 𝑘𝑥1 , 𝜔 − 𝜔1

)
− 𝑘2 (𝑘𝑥 , 𝜔) . (9)

The result of Eq. (7) is somewhat similar to previous approaches [5, 9] but is formulated here in114

Fourier space. We now start by assuming perfect phase matching (Δ𝑘 = 0) as a reference point115

for later derivations. In this case, Ξ = 𝑖𝜔𝜒 (2) 𝑧/(4𝑛2𝑐) and the second harmonic pulse is simply116

given by117

𝐴2,𝑃𝑀 (𝑧, 𝑘𝑥 , 𝜔) = 𝑧
𝑖𝜔𝜒 (2)

4𝑛2𝑐

∬
𝐸1

(
𝑘𝑥1 , 𝜔1

)
𝐸1

(
𝑘𝑥 − 𝑘𝑥1 , 𝜔 − 𝜔1

) 𝑑𝑘𝑥1

2𝜋
𝑑𝜔1
2𝜋

. (10)

We recover the fact that the intensity of the SHG beam grows like z2. SHG can be interpreted as118

a summation of sum-frequency processes both in the temporal and spatial frequency domains. In119

the case where the fundamental wavepacket E1 is a Gaussian function in space and time, the120

autoconvolution operation results in a SHG pulse with a spectral width multiplied by
√

2, and a121

spatial frequency width multiplied by the same factor. This corresponds to a pulsewidth and a122

beam radius divided by
√

2, a well-known result that stems from the quadratic polarization term.123

Let us now consider the case where the wavevectors exhibit first-order dependencies on 𝜔 and124

k𝑥 as follows:125

𝑘1 (𝑘𝑥 , 𝜔) = 𝑘1 (𝜔0) +
𝜕𝑘1
𝜕𝜔
(𝜔 − 𝜔0) (11)

126

𝑘2 (𝑘𝑥 , 𝜔) = 𝑘2 (2𝜔0) +
𝜕𝑘2
𝜕𝜔
(𝜔 − 2𝜔0) +

𝜕𝑘2
𝜕𝑘𝑥

𝑘𝑥 . (12)

In this case, for simplicity, we have considered a type I (ooe) SHG where the fundamental beam127

is polarized along the ordinary axis of the nonlinear crystal, so that its k-vector does not depend128

on k𝑥 or equivalently the phase matching angle. However, the SHG beam is polarized along the129

extraordinary axis, and therefore exhibits walk-off. Note that this analysis can be extended to130

other phase-matching geometries. The phase mismatch is thus given by:131

Δ𝑘
(
𝑘𝑥 , 𝑘𝑥1 , 𝜔, 𝜔1

)
=

(
𝜕𝑘1
𝜕𝜔
− 𝜕𝑘2

𝜕𝜔

)
(𝜔 − 2𝜔0) −

𝜕𝑘2
𝜕𝑘𝑥

𝑘𝑥 = 𝐺𝑉𝑀 ×Ω − 𝜌 × 𝑘𝑥 , (13)

where we have identified the GVM parameter and walk-off angle, and Ω = 𝜔 − 2𝜔0. We132

can see that, to first order, 𝛥k does not depend on 𝜔1 and 𝑘𝑥1 , so that the response function133

Ξ(𝑘𝑥 , 𝑘𝑥1, 𝜔, 𝜔1) = Ξ(𝑘𝑥 , 𝜔) can be taken out of the integral in Eq. (7). The response function134

then merely acts as a filter that will attenuate (𝑘𝑥 ,Ω) components that are not phase matched.135

As a result, the emitted SHG field can be written as:136

𝐴2 (𝑧, 𝑘𝑥 ,Ω) = 𝐴2,𝑃𝑀 (𝑧, 𝑘𝑥 ,Ω) exp
(
𝑖
Δ𝑘𝑧

2

)
sinc

(
Δ𝑘𝑧

2

)
. (14)



The SHG field can therefore be decomposed into the product of the perfectly phase-matched137

result, that occupies a region of the (𝑘𝑥 ,Ω) space, with the standard sinc function describing138

phase matching effects. The additional phase term is linear in 𝜔 and k𝑥 , and therefore simply139

corresponds to a shift in the time and space domains. To determine the region of the (𝑘𝑥 ,Ω)140

space that corresponds to perfect phase matching, we set Δ𝑘 = 0 and find141

𝑘𝑥 =
𝐺𝑉𝑀

𝜌
Ω, (15)

describing a linear angular dispersion that is coherent with the PFT established in Eq. (2).142

3.1. Spectral and wavevector widths143

Fig. 2. Schematic of the (𝑘𝑥 ,Ω) plane showing the extent of the second-order
polarization term resulting in 𝐴2,𝑃𝑀 and the Δ𝑘 = 0 line in the presence of both
walk-off and GVM. The dashed-line ellipse represents schematically 𝐴2, obtained by
multiplying 𝐴2,𝑃𝑀 by the response function. The different spectral and angular widths
are also shown.

In addition to recovering this result, this simple model allows to compute the overall widths of144

the radiated SHG beam. For this, Fig. 2 helps visualizing the situation in the (𝑘𝑥 ,Ω) domain.145

The spatio-temporal response function sinc (Δ𝑘𝑧/2) acts as a filter in the (𝑘𝑥 ,Ω) plane, resulting146

in the SHG field represented by the dashed-line ellipse. Let us assume that the input fundamental147

beam is Gaussian in space and time:148

𝐸1 (𝑥, 𝑡) ∝ exp
(
− 𝑡2

2Δ𝑡2
− 𝑥2

2Δ𝑥2 − 𝑖𝜔0𝑡

)
←→ 𝐸1 (𝑘𝑥 ,Ω) ∝ exp

(
− (𝜔 − 𝜔0)2

2Δ𝜔2 − 𝑘2
𝑥

2Δ𝑘2
𝑥

)
,

(16)
with widths in the space and time domains verifying Δ𝑡 Δ𝜔 = 1 and Δ𝑥 Δ𝑘𝑥 = 1. The149

experimentally used full width at half maximum (FWHM) pulse duration 𝛥t𝐹𝑊𝐻𝑀 and beam150

waist radius w are related to these widths by Δ𝑡𝐹𝑊𝐻𝑀 = 2
√

ln2 Δ𝑡 and 𝑤 =
√

2Δ𝑥. As already151



mentioned, in this case, the perfectly phase matched SHG field is given by the autoconvolution of152

the 2D Gaussian function, and therefore153 ��𝐴2,𝑃𝑀 (𝑧, 𝑘𝑥 ,Ω)
��2 ∝ exp

(
− Ω2

2Δ𝜔2 −
𝑘2
𝑥

2Δ𝑘2
𝑥

)
. (17)

The coordinates of half intensity of this pulse in the 2D (𝑘𝑥 ,Ω) plane are given by154

Δ𝑡2Ω2 + Δ𝑥2𝑘2
𝑥 = 2ln2 (18)

The overall full widths at half maximum (FWHM) in the Fourier domains are obtained along the155

Δ𝑘 = 0 line, yielding the following results:156

ΔΩ𝐹𝑊𝐻𝑀 =
2
√

2ln2√︃
Δ𝑡2 + 𝐺𝑉𝑀2 Δ𝑥2

𝜌2

(19)

157

Δ𝑘𝑥 𝐹𝑊𝐻𝑀 =
2
√

2ln2√︃
Δ𝑥2 + 𝜌2 Δ𝑡2

𝐺𝑉𝑀2

. (20)

These equations formally establish an experimental observation that was reported several158

times [7, 12] with the following qualitative argument: in the presence of significant walk-off,159

instead of being determined by the overall nonlinear medium length, the spectral width is related160

to the walk-off length 𝐿𝑊𝑂 = Δ𝑥/𝜌, because the fundamental and SHG fields interact coherently161

only over this distance. Symmetrically, the angular spectrum is determined by the GVM length162

𝐿𝐺𝑉𝑀 = Δ𝑡/𝐺𝑉𝑀 .163

If we assume 𝑘𝑥 = 0, corresponding to a large, collimated beam for which walk-off can be164

neglected, the spectral acceptance is limited by the sinc term instead of the input beam imprint in165

the (𝑘𝑥 ,Ω) plane along the Δ𝑘 = 0 line. In this case we recover the usual spectral acceptance166

ΔΩno WO =
2𝜋 0.886
𝐺𝑉𝑀 𝐿

, (21)

where L is the crystal length. Similarly, if we assume Ω = 0, corresponding to a narrowband167

fundamental pulse, the angular acceptance is given by168

Δk𝑥 no GVM =
2𝜋 0.886

𝜌 𝐿
. (22)

3.2. Efficiency169

This simple model also allows to evaluate the efficiency in the simultaneous presence of GVM170

and walk-off, a question that was already answered in previous work [9]. Here we show that the171

results are coherent with the literature and cast in a way that makes the symmetry between time172

and space clearer. To compute the efficiency, we must take the magnitude squared of Eq. (14)173

and integrate it over 𝛺 and k𝑥 . We define the efficiency of the perfectly phase-matched process as174

𝜂𝑃𝑀 = 𝜂0𝐿
2, and assume that the distribution of the wavepacket in the (𝑘𝑥 ,Ω) plane is separable175

as a Gaussian function along the ellipse major axis and a sinc function along the minor axis. This176

is equivalent to saying that at least one of the effects, among WO and GVM, is strong enough to177

significantly reduce the spectral or angular acceptance. In this case the efficiency is found to be178

given by179

η =
√

2𝜋𝜂0
𝐿𝑊𝑂𝐿𝐺𝑉𝑀√︃
𝐿2
𝑊𝑂
+ 𝐿2

𝐺𝑉𝑀

𝐿. (23)



The efficiency is now linear with propagation distance, a well-known result, and limited by180

an effective coherent interaction length that depends symmetrically on the walk-off and GVM181

lengths. We now turn to numerical simulations to validate the predictions of this simple model182

both in terms of the amount of PFT present in the output SHG beam and its angular and spectral183

distribution.184

4. Numerical simulations185

The numerical model is based on two envelope propagation equations [24] for the fundamental and186

SHG beams respectively, coupled through the second-order nonlinear polarization corresponding187

to the specific wave-mixing of interest. These fields are three-dimensional E(x,y,t) and propagated188

in the direction z using a split-step Fourier method: linear effects such as diffraction and dispersion189

are accounted for in the Fourier domain, while nonlinear effects are implemented in the direct190

space, over successive longitudinal propagation steps [25]. The wavevectors dependence on191

frequency and angle for each field are calculated using the full Sellmeier equations of the192

considered material [26]. This results in a model where dispersion to all orders (therefore193

including phase matching, GVM and GVD), walk-off, diffraction, and second-order nonlinear194

effects are completely taken into account. Pump depletion will therefore be observed for a195

sufficiently efficient interaction. Third-order nonlinear effects are also included but play a196

negligible role at the considered intensities.197

As a starting point, we consider an input Gaussian fundamental pulse at 515 nm with a FWHM198

pulsewidth of 300 fs, and a beam waist radius (at 1/𝑒2 in intensity) of 25 µm located at the center199

of the crystal. This pulse is launched into an 8 mm-long BBO crystal at a phase matching angle200

of θ=49.8◦, corresponding to type I (ooe) phase matching for SHG. The confocal parameter201

corresponding to this pump beam radius in the crystal is 12.6 mm, while the GVD values at the202

pump and SHG wavelengths are 140 fs2/mm and 460 fs2/mm. As a result, diffraction and GVD203

have a limited impact on propagation.204

The GVM parameter and walk-off angle in this situation are 630 fs/mm and 85 mrad. Over the205

8 mm-long crystal, this translates into a delay between fundamental and SHG pulses of 5 ps and206

an overall lateral beam displacement of 680 µm, corresponding to very pronounced GVM and207

walk-off effects.208

209

Figure 3 shows the spatio-temporal structure of the output SHG beam, along with integrated210

profiles in the time domain and along the critical phase matching direction x, obtained both from211

the analytical analysis of section 3 using Eq. (14), and from the full simulation with a very low212

input energy of 0.1 nJ, where pump depletion is negligible. The pulse front tilt expected from213

the simple argument of section 2 is clearly observed, with a PFT of 7.4 ps/mm. The analytical214

and simulation results are in very good agreement, except for the signal enhancement around215

𝑥 = 0 (and hence 𝑡 = 0) due to pump beam size variations that are not taken into account in216

the analytical model. The observed linear coupling in the space-time domain is mirrored in the217

Fourier space-time domain, corresponding to angular dispersion.218

In the remainder of this section, the input pulse energy is set to 5 nJ. The simulation results219

are shown in Fig. 4. In this case, in addition to the spatio-temporal structure, pump depletion220

causes the intensity of the SHG beam to increase gradually over time, because the SHG beamlets221

generated at the beginning of propagation, when the pump intensity is the highest, are delayed the222

most. In this case, the overall efficiency is 56%. This high value illustrates a distinctive feature223

of this frequency conversion geometry: because GVM and walk-off separate the fundamental224

and SHG radiations in time and space over rather small propagation distances compared to the225

crystal length, back-conversion, which supposes a coherent interaction, is suppressed.226

The output SHG beam profiles in the near and far fields are shown in Fig. 5. As expected, the227

SHG beam at the output facet of the crystal exhibits a strongly asymmetric beam profile induced228



Fig. 3. Left: Spatio-temporal structure of the output SHG beam obtained from the
analytical model (Fourier transform of Eq. (14)), and projections on the time and space
axes (blue). Right: Same plot obtained from full numerical simulations at an input
energy of 0.1 nJ, the red curve corresponds to the fundamental pulse at the output of
the crystal.

Fig. 4. Spatio-temporal structure of the output SHG beam obtained from full numerical
simulations at an input energy of 5 nJ, and projections on the time and space axes (blue).
The red curve corresponds to the fundamental pulse at the output of the crystal.

by the walk-off. However, contrary to the situation where GVM is negligible, this elongated229

profile in the near field does not translate into an equivalently elongated profile in the far field,230



with interchanged axes. The reason for this was identified, for example in [16]: because of the231

space-time coupling, wavepackets with PFT exhibit diffraction properties that are related to the232

instantaneous size of the beam rather than the time-integrated one, leading to stronger diffraction.233

Fig. 5. Output SHG beam (left) and corresponding far field (right).

To get more physical insight into the behavior of SHG output spectral width and far-field width234

as a function of input parameters of the pump pulse such as pulsewidth and beam size, the model235

is used repeatedly while scanning one parameter. From the starting point, we first vary the input236

beam radius with values of 25 µm, 50 µm, and 100 µm. To keep the peak intensity constant,237

the pump pulse energy is set to 5 nJ, 20 nJ, and 80 nJ respectively. The SHG output spectrum,238

integrated over space, is shown in Fig. 6 (left). As expected from the analytical analysis, the239

spectral width is reduced as the input beam size increases, with values of 0.35 nm, 0.24 nm,240

and 0.14 nm. The results given by Eq. (19) are 0.37 nm, 0.26 nm, and 0.14 nm, in excellent241

agreement. For these situations where the walk-off displacement is much larger than the input242

beam size, the spectral width scales like the inverse of the input beam size. This is in line243

with experimental observations [7, 12], and the following explanation: as the length over which244

fundamental and SHG radiations interact coherently in the space domain L𝑊𝑂 increases, the245

spectral width is reduced because of the limited spectral acceptance of the crystal. However, for246

small initial beam sizes, the SHG pulse can be generated over the full input bandwidth, yielding247

a way to efficiently convert short pulses even in the presence of a large GVM, or equivalently a248

small spectral acceptance.249

Symmetrically, from the starting point, we vary the pump pulsewidth with values of 300 fs,250

600 fs, and 1200 fs, and pulse energies scaled to 5 nJ, 10 nJ, and 20 nJ respectively. Figure 6251

(right) shows the time-integrated SHG far fields, yielding a result expected from Eq. (20): as the252

length over which fundamental and SHG radiations interact coherently in the time domain L𝐺𝑉𝑀253

increases, the angular width is reduced because of the limited angular acceptance of the crystal.254

However the full input wavevector spectrum can be converted if a sufficiently small pulsewidth255

is used at the input. The spatial frequency FWHM observed in simulations are 12 mm−1, 7.0256

mm−1 and 3.8 mm−1, while Eq. (20) yields values of 12 mm−1, 7.2 mm−1, and 3.8 mm−1, again257

in excellent agreement.258

5. Experimental confirmation of the presence of angular dispersion259

Finally, we perform an experiment to evidence the presence of PFT, or equivalently angular260

dispersion, in the output SHG beams when both GVM and walk-off play an important role.261

Starting from an ytterbium-doped femtosecond laser system at 1030 nm, we generate 300 fs262



Fig. 6. Output SHG spectrum for input beam radii of 25, 50, and 100 µm (left). Output
SHG wavevector spectrum for input pulse durations of 300, 600, and 1200 fs (right)

pulses at 515 nm in a first type I SHG stage using a 4 mm-long LBO crystal. These pulses are263

then focused onto a beam diameter of approximately 60 µm inside a 9.4 mm-long BBO crystal264

cut for type I SHG at 515 nm to generate a beam at 257 nm. These conditions approximately265

match the situation considered in the numerical simulations section.266

The near field of the beam generated at 257 nm is measured by imaging the output facet of the267

nonlinear crystal onto a camera, and is displayed in Fig. 7. The strong beam asymmetry shown268

by the simulation in Fig. 5 is clearly observed. The spot that appears on top of the line is the269

fundamental beam at 515 nm. The far-field, measured using the same camera by removing the270

imaging lens, is shown in Fig. 7, and is also in qualitative agreement with the simulations. In271

particular, the difference in size between the vertical and horizontal directions is not at all as272

pronounced as in the near-field, because of the presence of strong spatio-temporal couplings.273

Fig. 7. Measured near-field (left) and far-field (right) profiles of the DUV beam.

To obtain a quantitative estimation of the PFT, we let the generated UV beam propagate to274

the far field and a spectrometer coupled to a 50 µm diameter multimode fiber mounted on a275

translation stage is positioned 31 cm away from the crystal. This allows to measure the spatial276

chirp at this location, a consequence of the angular dispersion. The data is plotted as spectra as a277

function of deviation angle from the beam center.278

Figure 8 shows the result of this measurement. The left panel shows that the central wavelength279



Fig. 8. Left: Measured SHG spectra in the far field at deviations angle varying from
-4.8 mrad to +4.8 mrad from the optical axis in the critical phase matching plane. Right:
deviation angle as a function of centroid wavelength, with a slope of 9.0 mrad/nm.

shifts as the fiber is translated in the UV beam, as expected for an angularly dispersed beam.280

The right panel shows the angular deviation as a function of centroid wavelength, with an281

experimentally measured angular dispersion of 9.0 mrad/nm. This value is very close to the282

theoretically expected one of 𝜕𝜃/𝜕𝜆 = 𝑃𝐹𝑇 × 𝑐/𝜆0 = 8.6 mrad/nm. This simple experiment283

therefore confirms the spatio-temporal structure of the SHG beam.284

6. Conclusion285

To conclude, we have presented an analytical model that predicts the spatio-temporal structure286

of SHG beams when both GVM and walk-off play a significant role. We show that a pulse287

front tilt is imparted onto the beam, as the fundamental and SHG wavepackets separate in both288

space and time. This separation implies that the coherent interaction length is limited both in289

the time and space domains, therefore suppressing the possibility for back conversion. As a290

result, it is possible to obtain high SHG efficiencies using this scheme, even for pulses exhibiting291

a bandwidth that exceeds the spectral acceptance of the crystal. The output beam PFT can be292

compensated using standard optical elements that introduce angular dispersion such as gratings293

and prisms. When pump depletion is negligible, the output pulses exhibit a square-shaped profile294

in the time domain and in the direction of critical phase-matching. The onset of pump depletion295

causes these profiles to become inhomogeneous. To generate more spatially symmetric profiles,296

beam reshaping techniques using e. g. cylindrical lenses could be used.297

This nonlinear interaction geometry bears some similarities with broadband phase matching298

techniques based on the introduction of pulse front tilt in the input interacting beams. These299

techniques also require compensation of the output PFT in the generated beam. However, in the300

case studied here, there is no need for spatio-temporal beam management of the input pulses.301

The lack of back-conversion is also a distinctive feature, that avoids bandwidth-limiting effects302

and related spectral and spatial profiles distortions.303

The nonlinear interaction geometry described here is particularly relevant for conversion to the304

UV / DUV ranges, where indices of refraction of nonlinear crystals vary rapidly both as a function305

of wavelength and angle, yielding large values of walk-off and GVM parameters. Subsequent PFT306

compensation might therefore prove useful to efficiently convert broad bandwidth visible pulses307

to the UV while conserving a short pulse duration. The peculiar properties of this interaction308

geometry call for a reexamination of available nonlinear crystals properties in this wavelength309

range, since GVM and walk-off are no longer mechanisms that limit the focusing and/or spectral310



bandwidth.311

Appendix312

In this appendix, we provide a detailed spatio-temporal calculation in Fourier space, including313

two transverse spatial coordinates and the effects of diffraction and group-velocity dispersion.314

We write the complex electric field, 𝐸ℓ (®𝑟, 𝑡), using its 4D Fourier transform315

𝐸ℓ (®𝑟, 𝑡) =
1
(2𝜋)4

⨌
𝐸ℓ ( ®𝑘, 𝜔) exp(𝑖( ®𝑘 · ®𝑟 − 𝜔𝑡))𝑑3𝑘𝑑𝜔. (24)

Within the non-depleted pump approximation, the fundamental field 𝐸1 ( ®𝑘, 𝜔), assumed here to316

be an ordinary wave, simply obeys the linear propagation equation317

(−(𝑘2
𝑥 + 𝑘2

𝑦 + 𝑘2
𝑧) + 𝑘1 (𝜔)2)𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 , 𝜔) = 0, (25)

where 𝑘1 (𝜔) = 𝑛𝑜 (𝜔)𝜔/𝑐. Within the paraxial wave approximation, we write318

𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) = 𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔)𝑒𝑖𝑘1 (𝜔)𝑧 , (26)

where 𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) is an envelope assumed to vary slowly with respect to 𝑧, the propaga-319

tion axis. The corresponding expression in Fourier space simply reads 𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 , 𝜔) =320

𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 − 𝑘1 (𝜔), 𝜔), or equivalently 𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) = 𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝑘1 (𝜔) + 𝜅𝑧 , 𝜔), where321

𝜅𝑧 = 𝑘𝑧 − 𝑘1 (𝜔) is small with respect to 𝑘1 (𝜔). The paraxial wave approximation consists of322

keeping terms up to first order in 𝜅𝑧 and up to second order in 𝑘𝑥 and 𝑘𝑦 . Replacing in Eq. (25)323

and neglecting the term in 𝜅2
𝑧 , we obtain324

(−𝑘2
𝑥 − 𝑘2

𝑦 − 2𝑘1 (𝜔)𝜅𝑧)𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) = 0, (27)

or325

𝑖𝜅𝑧𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) = −𝑖
𝑘2
𝑥 + 𝑘2

𝑦

2𝑘1 (𝜔)
𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔). (28)

Going back to real space for coordinate 𝑧, we obtain326

𝜕𝐴1
𝜕𝑧

= −𝑖
𝑘2
𝑥 + 𝑘2

𝑦

2𝑘1 (𝜔)
𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔), (29)

which immediately yields327

𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) = 𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜔) exp

(
−𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘1 (𝜔)
𝑧

)
. (30)

We thus recover the well-known expression of the electric field in wavevector space within the328

paraxial wave approximation,329

𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) = 𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝜔) exp

(
𝑖𝑘1 (𝜔)𝑧 − 𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘1 (𝜔)
𝑧

)
, (31)

where the dropped dependence on 𝑧 in 𝐸1 means that we are considering the field at the entrance330

of the crystal, 𝐸1 (𝑘𝑥 , 𝑘𝑦 , 𝜔) = 𝐴1 (𝑘𝑥 , 𝑘𝑦 , 𝜔) = 𝐸1 (𝑘𝑥 , 𝑘𝑦 , 0, 𝜔). Eq. (31) includes the effects331

of both diffraction and dispersion and allows to compute the fundamental field 𝐸1 (𝑥, 𝑦, 𝑧, 𝑡)332

through a 3D Fourier transform, so that the second-order polarization 𝑃 (2) (𝑥, 𝑦, 𝑧, 𝑡) can be333

readily calculated, as well as its counterpart in Fourier space.334



Let us now turn to the propagation of the second harmonic. Assuming that the crystal axis lies335

in the 𝑥𝑧 plane, the propagation equation now reads336

(−(𝑘2
𝑥 + 𝑘2

𝑦 + 𝑘2
𝑧) + 𝑘2 (𝑘𝑥 , 𝜔)2)𝐸2 (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 , 𝜔) = −

𝜔2

𝜖0𝑐2 𝑃
(2) (𝑘𝑥 , 𝑘𝑦 , 𝑘𝑧 , 𝜔), (32)

where we have included the second-order polarization as a known source term. Note that, due337

to the crystal anisotropy, the quantity 𝑘2 (𝑘𝑥 , 𝜔) = 𝑛𝑒 (𝜃 (𝑘𝑥), 𝜔)𝜔/𝑐 depends on the transverse338

component 𝑘𝑥 . Indeed, within the paraxial wave approximation we can write 𝜃 = 𝜃0 − 𝑘𝑥/𝑘2 (𝜔),339

where 𝜃0 is the angle between the 𝑧 axis and the optical axis and 𝑘2 (𝜔) = 𝑛𝑒 (𝜃0, 𝜔)𝜔/𝑐. The340

first-order derivative of the wavevector with respect to 𝑘𝑥 reads341

𝜕𝑘2
𝜕𝑘𝑥

=
𝜔

𝑐

𝜕𝑛𝑒 (𝜃)
𝜕𝜃

𝜕𝜃

𝜕𝑘𝑥
= tan 𝜌, (33)

where we have used the well-known relation verified by the tangent of the walk-off angle, 𝜌,342

tan 𝜌 = − 1
𝑛𝑒 (𝜃)

𝑑𝑛𝑒 (𝜃)
𝑑𝜃

= 𝑛𝑒 (𝜃)2
(

1
𝑛2
𝑒

− 1
𝑛2
𝑜

)
sin 2𝜃. (34)

Proceeding as for the fundamental beam, we consider the envelope 𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) =343

𝐸2 (𝑘𝑥 , 𝑘𝑦 , 𝑘2 (𝑘𝑥 , 𝜔) + 𝜅𝑧 , 𝜔), so that Eq. (32) becomes344

−(𝑘2
𝑥 + 𝑘2

𝑦 + 2𝑘2 (𝑘𝑥 , 𝜔)𝜅𝑧)𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) = −
𝜔2

𝜖0𝑐2 𝑃
(2) (𝑘𝑥 , 𝑘𝑦 , 𝑘2 (𝑘𝑥 , 𝜔) + 𝜅𝑧 , 𝜔) (35)

or

𝑖𝜅𝑧𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔) = −𝑖
𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝜅𝑧 , 𝜔)

+ 𝑖𝜔2

2𝜖0𝑐2𝑘2 (𝑘𝑥 , 𝜔)
𝑃 (2) (𝑘𝑥 , 𝑘𝑦 , 𝑘2 (𝑘𝑥 , 𝜔) + 𝜅𝑧 , 𝜔). (36)

Going back to real space for the 𝑧 coordinate, we obtain

𝜕𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔)
𝜕𝑧

= −𝑖
𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔)

+ 𝑖𝜔2

2𝜖0𝑐2𝑘2 (𝑘𝑥 , 𝜔)
𝑃 (2) (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔)𝑒−𝑖𝑘2 (𝑘𝑥 ,𝜔)𝑧 . (37)

The resolution of this first-order differential equation is straightforward and yields the SHG
envelope

𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) =
𝑖𝜔2

2𝜖0𝑐2𝑘2 (𝑘𝑥 , 𝜔)
exp

(
−𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝑧

)
∫ 𝑧

0
𝑃 (2) (𝑘𝑥 , 𝑘𝑦 , 𝑧′, 𝜔) exp

(
−𝑖𝑘2 (𝑘𝑥 , 𝜔)𝑧′ + 𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝑧′

)
𝑑𝑧′. (38)

In order to calculate the integral along the 𝑧 axis, we write the explicit expression of the
second-order polarization by Fourier transforming the real-space expression 𝑃 (2) (𝑥, 𝑦, 𝑧, 𝑡) =
1
2 𝜖0𝜒

(2)𝐸1 (𝑥, 𝑦, 𝑧, 𝑡)2, which yields the convolution product

𝑃 (2) (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) =
𝜖0𝜒

(2)

2

∭
𝐸1 (𝑘𝑥1, 𝑘𝑦1, 𝑧, 𝜔1)

𝐸1 (𝑘𝑥 − 𝑘𝑥1, 𝑘𝑦 − 𝑘𝑦1, 𝑧, 𝜔 − 𝜔1)
𝑑𝑘𝑥1
2𝜋

𝑑𝑘𝑦1

2𝜋
𝑑𝜔1
2𝜋

. (39)



Let us introduce the multidimensional wavevector mismatch function, defined as

Δ𝑘 (𝑘𝑥 , 𝑘𝑥1, 𝑘𝑦 , 𝑘𝑦1, 𝜔, 𝜔1) = 𝑘1 (𝜔1) + 𝑘1 (𝜔 − 𝜔1) − 𝑘2 (𝑘𝑥 , 𝜔)

−
𝑘2
𝑥1 + 𝑘

2
𝑦1

2𝑘1 (𝜔1)
−
(𝑘𝑥 − 𝑘𝑥1)2 + (𝑘𝑦 − 𝑘𝑦1)2

2𝑘1 (𝜔1)
+

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
. (40)

At center frequency and with wavevectors aligned along the 𝑧 axis, we haveΔ𝑘 (0, 0, 0, 0, 2𝜔0, 𝜔0) =
2𝑘1 (𝜔0) − 𝑘2 (2𝜔0) = 0, since we assume that phase matching is fulfilled. However, the mismatch
function Δ𝑘 will depart from zero for other frequency or wavevector values due to the finite
spectral and angular acceptance of the phase-matching condition. Eq. (38) now becomes

𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) =
𝑖𝜔2𝜒 (2)

4𝑐2𝑘2 (𝑘𝑥 , 𝜔)
exp

(
−𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝑧

)
∭

𝐸1 (𝑘𝑥1, 𝑘𝑦1, 𝜔1)𝐸1 (𝑘𝑥 − 𝑘𝑥1, 𝑘𝑦 − 𝑘𝑦1, 𝜔 − 𝜔1) (41)(∫ 𝑧

0
𝑒𝑖Δ𝑘 (𝑘𝑥 ,𝑘𝑥1 ,𝑘𝑦 ,𝑘𝑦1 ,𝜔,𝜔1 )𝑧′𝑑𝑧′

)
𝑑𝑘𝑥1
2𝜋

𝑑𝑘𝑦1

2𝜋
𝑑𝜔1
2𝜋

.

The integration over 𝑧 is straightforward and leads to the introduction of the multidimensional
spatio-temporal global response function

Ξ(𝑘𝑥 , 𝑘𝑥1, 𝑘𝑦 , 𝑘𝑦1, 𝜔, 𝜔1) =
𝑖𝜔2𝜒 (2)

4𝑐2𝑘2 (𝑘𝑥 , 𝜔)
exp

(
−𝑖

𝑘2
𝑥 + 𝑘2

𝑦

2𝑘2 (𝑘𝑥 , 𝜔)
𝑧

)
exp

(
𝑖Δ𝑘 (𝑘𝑥 , 𝑘𝑥1, 𝑘𝑦 , 𝑘𝑦1, 𝜔, 𝜔1)𝑧

)
− 1

𝑖Δ𝑘 (𝑘𝑥 , 𝑘𝑥1, 𝑘𝑦 , 𝑘𝑦1, 𝜔, 𝜔1)
, (42)

which is the spatio-temporal generalization of the global response function, previously introduced
in frequency domain only. The second-harmonic field envelope now simply reads

𝐴2 (𝑘𝑥 , 𝑘𝑦 , 𝑧, 𝜔) =
∭

Ξ(𝑘𝑥 , 𝑘𝑥1, 𝑘𝑦 , 𝑘𝑦1, 𝜔, 𝜔1)

𝐸1 (𝑘𝑥1, 𝑘𝑦1, 𝜔1)𝐸1 (𝑘𝑥 − 𝑘𝑥1, 𝑘𝑦 − 𝑘𝑦1, 𝜔 − 𝜔1)
𝑑𝑘𝑥1
2𝜋

𝑑𝑘𝑦1

2𝜋
𝑑𝜔1
2𝜋

. (43)

This expression allows to easily compute the SHG field for any spatio-temporal shape of the345

incident field. It can be easily simplified depending on actual experimental conditions. For346

example, if we except the case of tightly-focused beams [5] and assume that the crystal thickness347

is smaller than the confocal parameter, we can neglect diffraction terms in 𝑘2
𝑥 + 𝑘2

𝑦 . The mismatch348

function then depends only on 𝑘𝑥 (at first order), and on the frequency variables, with349

Δ𝑘 (𝑘𝑥 , 𝜔, 𝜔1) = 𝑘1 (𝜔1) + 𝑘1 (𝜔 − 𝜔1) − 𝑘2 (𝑘𝑥 , 𝜔). (44)

This expression can be used to compute SHG taking into account walk-off, group-velocity350

mismatch and group-velocity dispersion (GVD). Additionally, neglecting GVD, we can use a351

first-order expansion of the wavevectors (Eq. (11) and (12)) and retrieve Eq. (13). Also, note352

that Eq. (42) can be simplified by neglecting the slow variation of 𝑘2 (𝑘𝑥 , 𝜔) with respect to 𝑘𝑥353

and 𝜔 in the prefactor (but of course not in the phase term in Δ𝑘 where the consequences of this354

variation are more dramatic). By setting 𝑘2 = 𝑛2𝜔/𝑐 in this prefactor, and neglecting diffraction,355

we thus easily recover Eq. (8) from Eq. (42).356
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