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Analysis of Limitations in Divided-Pulse Nonlinear Compression and Amplification
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We analyze quantitatively physical effects that limit the coherent combining efficiency in highly nonlinear divided-pulse fiber-based setups such as parabolic amplifiers or nonlinear temporal compression experiment. The impact of differential dispersion and non-equal replicas power is assessed using numerical simulations and compared with experimental demonstrations. We also point out optimization strategies to minimize the impact of these effects on the performance of ultrafast fiber sources.

these bottlenecks. Several architectures can be used. The first idea is to seed several fiber amplifiers with a common oscillator, and control actively the optical phase in each amplifier to combine the amplified beams while preserving the temporal and spatial properties of a single amplified beam [START_REF] Daniault | Coherent beam combining of two femtosecond fiber chirped-pulse amplifiers[END_REF], [START_REF] Seise | Coherent addition of fiber-amplified ultrashort laser pulses[END_REF]. This allows, in principle, arbitrary scaling of the average power and pulse energy. Another possibility is to use setups where several amplified pulses are coherently added in a passive architecture, the phase being automatically matched because the optical path lengths experienced by different pulses are inherently equal. This can be done using two beams that counterpropagate in a Sagnac loop [START_REF] Roither | Sagnac interferometric multipass loop amplifier[END_REF], [START_REF] Zaouter | Passive coherent combination of ultrafast rod type chirped pulse amplifiers[END_REF]. It can also be achieved in the time domain using the divided-pulse (DP) principle [START_REF] Zhou | Divided-pulse amplification of ultrashort pulses[END_REF]. Temporal and spatial passive approaches can also be combined to scale the number of replicas [START_REF] Daniault | High peak-power stretcher-free femtosecond amplifier using passive spatio-temporal coherent combining[END_REF].

Although combining ideas were first applied to amplifier systems, it was very recently recognized that any energy-limited setup could benefit from these architectures. In particular, the DP concept was applied to nonlinear temporal post-compression setups using large-mode area glass fibers to induce self-phase modulation (SPM) [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF], [START_REF] Klenke | Divided-pulse nonlinear compression[END_REF], and reach pulse durations below 100 fs. This allowed fiber-based systems delivering 70 fs pulses with energies of 7 μJ.

In this contribution, we provide an in-depth analysis of two phenomena that limit the coherent combining efficiency in highly nonlinear DP setups. Differential dispersion (DD), as explained hereafter, affects the combining efficiency of setups due to the fact that dividing and combining paths exhibit different dispersion properties. In the presence of nonlinearity, this breaks the symmetry of the division/combination processes, leading to a decrease in combining efficiency. Although identified in [START_REF] Klenke | Divided-pulse nonlinear compression[END_REF], this process is analyzed quantitatively here for the first time. The other main phenomenon that limits the efficiency is the nonequal intensities of the pulse replicas generated in the division process. SPM translates intensity changes into phase changes, hindering the passive combination process. For both effects, a quantitative study is made using numerical simulations, and the results are compared to the main experimental result obtained in the context of nonlinear post-compression [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF]. The described effects are also encountered in stretcher-free amplifiers implementing the DP architecture [START_REF] Daniault | High peak-power stretcher-free femtosecond amplifier using passive spatio-temporal coherent combining[END_REF]. Finally, we suggest possible approaches to minimize the nonlinear efficiency loss.

II. EXPERIMENTAL SETUP

We restrict the discussion to passive DP experiments that use an initially unchirped femtosecond pulse, divided into several replicas by propagation in a succession of highly birefringent crystals. This scheme can be applied to nonlinear parabolic amplifiers [START_REF] Daniault | High peak-power stretcher-free femtosecond amplifier using passive spatio-temporal coherent combining[END_REF] or nonlinear compression setups [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF], [START_REF] Klenke | Divided-pulse nonlinear compression[END_REF].

The experimental setups used in [START_REF] Daniault | High peak-power stretcher-free femtosecond amplifier using passive spatio-temporal coherent combining[END_REF]- [START_REF] Klenke | Divided-pulse nonlinear compression[END_REF] are mostly equivalent, as depicted in Fig. 1. Starting with an ultrafast oscillator or amplifier, the pulses are divided in several temporal replicas by sending them in a sequence of birefringent crystals. In each crystal, the incident polarization state is linear and oriented at 45 • of the optical axes, generating at the output two temporally separated replicas of ideally equal amplitude and orthogonal polarization if the group delay difference between both axes is larger than the pulsewidth. The process can be repeated with N crystals, allowing the generation of 2 N temporal pulse replicas. Furthermore in this configuration, successive crystals should exhibit a length at least doubled from the previous one in order to avoid any temporal overlap between replicas.

After pulse division, the train of replicas is launched into a fiber. This fiber is either passive, to nonlinearly broaden the incident spectrum via SPM, or active, where the cumulated effects of gain, dispersion and nonlinearities contribute to broaden the incident spectrum. Recombination is then provided through a 90 • polarization rotation (e.g. using a Faraday rotator) which ensures a complementary propagation path inside the birefringent crystals on the way back, and thus a complete and self-balanced compensation of the previously induced delay between replicas. Although a Sagnac loop can also be used in these setups, its sole effect is to multiply the equivalent number of replicas by a factor of 2, and it will not be considered in our analysis hereafter.

Possible phase mismatch between replicas can alter the coherent combining process. In the case of DP experiments, this corresponds to a fraction of power being directed towards the uncombined output of Fig. 1, and to the onset of parasitic pulses besides the main combined pulse in the time domain, [START_REF] Kong | Generation of megawatt peak power picosecond pulses from a divided-pulse fiber amplifier[END_REF]. The spatial efficiency is simply given by η spatial = P combined P combined + P uncombined while the temporal combining efficiency is defined as

η temporal = E peak E peak + E parasitic
where E peak and E parasitic correspond respectively to the energies of the main recombined pulse and of parasitic replicas on the combined output. Experimentally, this efficiency is easily measured from the output autocorrelation trace. The autocorrelation value at zero delay is divided by the sum of autocorrelation peaks on a single temporal side, including the zero delay value. The total combining efficiency is finally given by the product:

η = η spatial × η temporal .

III. DIFFERENTIAL DISPERSION

Although the role of the birefringent crystals is to introduce a large group delay between both polarization components, the higher order spectral phase induced by propagation through the crystals are also different on both axes. This effect is denoted here as DD. Fig. 2 shows group-velocity dispersions (GVD), calculated from [START_REF] Bass | Handbook of Optics[END_REF], accumulated during propagation on the extraordinary (e-axis) and ordinary (o-axis) axes in an yttrium vanadate crystal (YVO 4 ) used in the above-mentioned experiments. The second-order DD has a typical value of 725 fs 2 .cm -1 at 1030 nm. In the case of a strictly linear setup, i.e. if the incident spectral shape is unchanged during the experiment, this DD has no impact on the combining efficiency because all the pulses experience the exact same optical path upon division and recombination. Indeed, the DD accumulated between two replicas on the way forward is experienced with an opposite sign on the way backward.

However, in the case of a nonlinear setup, where large spectral broadening occurs between the division and combination steps, the DD of spectral orders greater than 2 (group-velocity dispersion and higher orders) experienced by newly created spectral content is not compensated. This induces a spectral phase that decreases the coherent combining efficiency, depending both on crystal properties and accumulated nonlinearities.

To gain more insight on this effect and evaluate its quantitative impact on the coherent combining efficiency, we perform numerical simulations. Propagation is supposed to be linear in yttrium vanadate crystals, and all orders of dispersion are taken into account by using a Sellmeier model for the wavelengthdependent refractive index. A Jones matrix formalism is used to take into account polarization rotation between crystals. The propagation in the fiber is modeled with a vector split-step Fourier algorithm [START_REF]Nonlinear Fiber Optics[END_REF] taking into account dispersion up to third order, SPM, and cross-phase modulation between the polariza- tion states. The initial condition is a single 300 fs Gaussian pulse, and is divided in a maximum of 16 temporal replicas through the propagation in a series of four a-cut YVO 4 crystals with lengths 2.5, 5, 10 and 20 mm. Nonlinear effects then occur in a fiber with a mode field diameter of 45 μm. In order to only evaluate the DD effect, we suppose here the generation of replicas with exactly equal powers.

Results are displayed in Fig. 3, showing the evolution of the combining efficiency and total output energy, for different number of replicas, with increasing nonlinearities, i.e. energy per replica. This energy per replica is limited to 2 μJ because detrimental self-focusing and damage at the fiber facet typically appear above 1 μJ for the experiment reported in ref. [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF]. It clearly shows that the efficiency drops when the input energy increases owing to the increasing spectral content generated by SPM. Moreover, the efficiency decay is more important when the number of replicas is increased, resulting in efficiencies of η = 99.8% and η = 89% at 1 μJ per replica for 2 and 16 temporal replicas respectively. This is easily understood because the propagation length inside the crystals, and consecutively the DD, is increased when the number of generated replicas increases. The decrease in efficiency is also visible on the output recombined spectrum (see Fig. 4) with the onset of spectral interferences on both spectrum sides. Indeed, as previously mentioned, the common spectral part of the input and output spectrum is not sensitive to DD since the double pass in the crystals cancels it.

DD thus appears as an intrinsic limiting factor in such experiments, fixing an upper value of the combining efficiency, depending on the crystals properties and nonlinearity level. Nev- ertheless, it is possible to mitigate this effect by minimizing the propagation length inside the crystals. First, the lengths of successive crystals should be exactly doubled to minimize the overall length of material. Second, the length of the smallest crystal should be as small as possible while avoiding detrimental effects caused by the overlap of successive pulses. We have investigated this minimum length in simulations by computing the combining efficiency as a function of crystal length in a setup with only 2 replicas, as shown in Fig. 5. Two trends clearly appear. For crystal lengths above 1 mm the combining efficiency linearly decreases because of increasing DD. For lengths below 1 mm, a large and quick decay of the efficiency appears corresponding to a temporal overlap between replicas leading to cross-phase modulation-induced (or SPM-induced in the case of a system incorporating a Sagnac loop) spectral phases that decrease the combining efficiency. The tradeoff length, for an input pulsewidth of 300 fs and 1 μJ/replica is 1.09 mm, which would lead to combining efficiencies above 99% in a 16 replicas setup.

Although this study is focused on DP experiments using birefringent crystals, it is also relevant in the case of DP experiments using polarizers and delay-lines as replicas generator. Indeed, DD may also affect the combining efficiency since propagation in a thin-film polarizer (TFP) induces a DD between the p-polarized replicas (transmitted by the TFP) and the s-polarized replicas (reflected by the TFP). The order of magnitude of this differential GVD is 200 fs 2 .cm -1 at 1030 nm between air and fused-silica. Although this leads to an overall DD that is much lower than crystals, it could still limit the efficiency of DP setups using very short pulses, for example in a capillary basednonlinear compression setup for sub-10 fs pulse generation from Ti:Sa laser sources. However, in this case, the optical beams are separated in space, giving access to the individual optical paths followed by each replicas. It is therefore possible to balance the dispersion, or any other non-symmetric property (e. g. intensity) by inserting optical elements in the delay lines. For instance, a fused silica plate might be inserted in the delay line to exactly balance the dispersion introduced by TFPs. The main drawback of freespace delay lines is the difficulty of optical alignment and lack of compactness when the number of pulse replicas is increased. 

IV. REPLICA POWERS EQUALIZATION

We have identified another effect that contributes to decrease the combining efficiency in practical DP nonlinear experiments. Indeed, reported experimental efficiencies are well below the DD-induced efficiency calculated in previous section. As an example, the DD-induced efficiency is 89% for 16 replicas at 1 μJ/replicas with crystal lengths corresponding to the experiment reported in ref. [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF]. However the experimentally obtained efficiency is around 70%. In this experiment, due to the implementation of a Sagnac interferometer, an additional decrease in the combining efficiency is related to imperfect spatial matching of both counter-propagating beams. This decrease in combining efficiency is evaluated to 8%, which is not sufficient to account for the total combining efficiency decrease.

In the specific case of nonlinear DP stretcher-free amplification experiments, where the energy per replica is well below the gain saturation level, the replicas amplitudes and phases are not affected by differential gain and the related Kramers-Krönig phase shift [START_REF] Kienel | Analysis of passively combined divided-pulse amplification as an energy-scaling concept[END_REF]. Furthermore, in nonlinear temporal compression experiments, these effects are not relevant due to the absence of gain. However, replicas can be generated with slightly different amplitudes because of experimental imperfections of the dividing setup. In strongly nonlinear experiments, the slight amplitude variation is translated through SPM into phase variations that prevent perfect coherent combining. In a crystal-based division setup, the crystal orientation is adjusted with a finite precision that translates directly into amplitude variation. To quantify this effect, we have performed simulations in which the orientations of the successive dividing/combining crystals differ from the ideal case by a random amount Δθ. For each crystal, this angle is taken as a random variable with uniform distribution in the interval [-Δθ max /2 Δθ max /2]. The combining efficiency is computed for 200 realizations of these angles, and the average value of efficiency is computed following the Monte-Carlo method. This simulation also includes the effect of DD discussed in previous section.

Fig. 6 shows the evolution of average combining efficiency as a function of Δθ max for an increasing number of replicas at two energy levels per replica, respectively 0.25 μJ [Fig. 6(a)] and 1 μJ [Fig. 6(b)]. There is a clear efficiency drop as the uncertainty on the crystal orientation is increased, with an obtained value of 78% for 1 μJ/replica, a total number of 16 replicas, and an angle precision of Δθ max = 3 • . Note that this angular precision corresponds to a power variation of approximately only ±5%. The efficiency also decreases with the number of generated replicas. The impact of the non-equal powers of replicas is also clearly visible on the recombined output compressed pulse, as shown in Fig. 7. The output autocorrelation and spectrum are plotted for a total combining efficiency of 77%, 16 replicas, and 1 μJ/replica. Here, spectral interferences (and thus parasitic replicas) appear over the whole spectrum, because the nonlinear phase shift is susceptible to vary between two replicas and thus the spectral phase varies over the entire spectrum.

Taking into account the Sagnac interferometer spatial efficiency of 92%, the angle uncertainty that corresponds to the experimental value of 70% in [START_REF] Guichard | Energy scaling of a nonlinear compression setup using passive coherent combining[END_REF] is Δθ max = 3 • with 16 replicas at 1 μJ/replica, corresponding to a standard deviation of

σ θ = 1 2 √ 3 • Δθ max = 0.87 • .
Equalization of the replicas power is therefore an important source of efficiency decrease in highly nonlinear DP setups.

V. CONCLUSION

The DP architecture has proven a valuable tool to scale the energy of fiber-based femtosecond sources and nonlinear compression setups. We have identified two physical effects that limit the combining efficiency of this concept in the presence of optical nonlinearities. For given target performances of a source in terms of pulse duration and energy, a compromise must be found between the level of nonlinearity, given by the energy per replica, and the number of replicas generated by the system. In a nonlinear compression setup, the energy per replica determines the achievable output pulse duration, but cannot be increased arbitrarily because it reduces the tolerance to non-equal replica powers. The number of replicas that can be used is limited by the DD effect, which also depends on the nonlinearity level. Possible solution to the above is the implementation of free-space delay lines that can provide dispersion-balanced operation. The cost in this case is the increased complexity of the setup especially for large number of replicas. The optimal system is the result of these physical and practical limitations, and is largely dependent on the specifics of the setup. Of particular importance

Fig. 1 .

 1 Fig. 1. Experimental setup for nonlinear parabolic amplifier or nonlinear compression experiments, BCs: birefringent crystals, FM: Faraday Mirror, Fiber: passive or diode-pumped active fiber.

Fig. 2 .

 2 Fig. 2. Group-velocity dispersion along the extraordinary (blue) and ordinary (green) axes in YVO 4 crystal and differential GVD (red).
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 3 Fig. 3. (a) Combining efficiency as a function of energy per replica for respectively 2 (green), 4 (red), 8 (orange), and 16 (black) numbers of replicas. (b) Corresponding total output energy for 2, 4, 8 and 16 replicas.
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 4 Fig. 4. (a) Combined output spectrum for 16 temporal replicas at 1 μJ/replica, corresponding to a combining efficiency of η = 89%. (b) Corresponding autocorrelation trace. Insert: Emphasis on the amplitude interval [0 0.05].

Fig. 5 .

 5 Fig. 5. Combining efficiency as a function of crystal length, i.e. minimum induced-delay, for 2 replicas and 1 μJ/replica.

Fig. 6 .

 6 Fig. 6. Combining efficiency as a function of angular precision Δθ m ax for 0.25 μJ (a) and 1 μJ (b) per replica, for respectively 2 (red), 8 (green) and 16 (blue) replicas.

Fig. 7 .

 7 Fig. 7. (a) Typical combined output spectrum for Δθ m ax = 3 • , and 16 temporal replicas at 1 μJ/replica, corresponding to a combining efficiency of η = 77%. (b) Corresponding autocorrelation trace. Insert: Emphasis on the amplitude interval [0 0.05].

is the potential implementation of DP compression using gasfilled capillary-based compression setups for few-cycle pulse generation.
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