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Effective-medium theory is often helpful for understanding the behavior of subwavelength gratings with small
period-to-wavelength ratios. By analytically solving Maxwell’s equations in the small-depth limit, we show
that the effective properties of subwavelength gratings strongly depend on the grating depth. Moreover, the
effective properties are shown to depend not only on the grating structure but also on the optical indices of the
surrounding media. A simple expression for the effective indices of one-dimensional (1-D) and two-
dimensional (2-D) gratings with arbitrary depths is proposed. Comparison with rigorous computations shows
that for TE polarization of 1-D gratings the depth dependence of the effective index prediction is accurate. For
TM polarization of 1-D volume gratings and for 2-D volume gratings a slight deviation between rigorous com-
putation and the prediction is observed for approximately quarter-wave depths. For TM polarization of 1-D
surface-relief gratings and for 2-D surface-relief gratings, no closed-form expression for the depth dependence
of the effective indices is found, but a very sharp variation of the effective index at small thicknesses is pre-
dicted. This prediction is confirmed by rigorous computation. © 1997 Optical Society of America
[S0740-3232(97)01502-0]
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1. INTRODUCTION
In recent years periodic subwavelength gratings have
been used to simulate homogeneous media for a variety of
applications, including polarization devices,1 antireflec-
tion surfaces,2–5 narrow-band filters,6 and graded-phase
diffractive elements.7–9 A periodic subwavelength grat-
ing is defined as a diffractive component that does not dif-
fract light in the far field. Only the reflected and trans-
mitted zero orders are propagating in the incident
medium and in the substrate. As light propagates
through the subwavelength grating, it experiences ap-
proximately the same behavior as if it were traveling
through a homogeneous medium. The effective-medium
theory (EMT) relates the parameters of a subwavelength
grating to those of an effective homogeneous medium.
A detailed approach for determining the effective opti-

cal properties of media that are stratified in one direction
was derived by Rytov.10 This result, which holds for
lamellar gratings, was derived by matching Maxwell’s
boundary conditions inside the periodic structure. By us-
ing a Fourier expansion of the field inside the periodic
structure, Bell et al.11 generalized Rytov’s results to arbi-
trary one-dimensional (1-D) symmetric gratings. More
recently, by using a similar approach, the present
authors12 derived the EMT of 1-D gratings with symmet-
ric or nonsymmetric profiles. These works show that a
1-D subwavelength grating exhibits uniaxial properties in
the small-period limit, i.e., when the period-to-wave-
length ratio becomes infinitely small. Limited research
has been done in the area of two-dimensional (2-D) grat-
0740-3232/97/020450-09$10.00 ©
ings. Jackson and Coriell13 derived closed forms for the
upper and lower bounds of the zero-order effective index.
As was noted by Chen and Craighhead,9 these bounds are
particularly helpful for designing phase plates when the
index modulation is small. Motamedi et al.4 proposed an
approximate solution for the zero-order effective index,
inspired by the effective properties of 1-D gratings.
Grann et al.14 employed rigorous coupled-wave analysis
(RCWA) for numerically computing the effective index
and showed that Motamedi’s approximate solution is in-
accurate. In Ref. 15 Bräuer and Bryngdahl used an in-
genious combination of upper and lower bounds to design
2-D antireflection gratings. In Ref. 12 the present au-
thors rigorously derived a methodology for computing the
first two nonnull effective indices of 2-D symmetric grat-
ings. No closed form was obtained, and the computation
of the zero- and second-order effective index coefficients
required the inversion of a matrix that has to be trun-
cated for numerical purposes. Despite all these efforts,
there are still some open questions about the behavior of
subwavelength gratings and their effective properties.
In the above-mentioned works the effective indices de-

pend only on the grating parameters, namely, the period-
to-wavelength ratio and the grating relative permittivity.
In this paper we mathematically show and provide nu-
merical evidence that the effective properties of 1-D and
2-D gratings also depend on the grating depth and on the
optical indices of the surrounding homogeneous regions.
In Section 2 we provide a rigorous analytical solution of
grating diffraction problems in the small-depth limit, i.e.,
1997 Optical Society of America
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for grating depths much smaller than the wavelength.
By comparison of the reflected and transmitted zero-order
amplitudes with those provided by a homogeneous thin
film with the same thickness as that of the grating, we de-
rive closed-form expressions of the grating effective indi-
ces for the case of a normally incident plane wave. In
Section 3 these closed-form expressions are simplified.
By interpreting the classical EMT results of Refs. 10–12
as valid in the large-depth limit (grating depths much
larger than the wavelength), we propose approximate ex-
pressions for the optical effective indices of gratings with
arbitrary depths. These expressions hold for 1-D and
2-D volume gratings and for TE polarization of 1-D
surface-relief gratings. For TM polarization of 1-D
surface-relief gratings and for 2-D surface-relief gratings
no closed-form expression for the depth dependence of the
effective indices is found, but a sharp variation of the ef-
fective index is predicted for small depths. In Section 4
the depth dependence prediction is checked with rigorous
computations. Section 5 concludes with a discussion on
the regions of validity of EMT. It is emphasized that
EMT must be used with caution for quarter-wave thick-
nesses, for instance when surface-relief gratings are con-
sidered for designing single-layer antireflection coatings.

2. EXACT SOLUTION IN THE SMALL-
DEPTH LIMIT
The 1-D grating diffraction problem considered in the fol-
lowing is depicted in Fig. 1. The grating region is com-
posed of a 1-D periodic structure along the x axis with an
arbitrary permittivity profile e(x). It is bound by two ho-
mogeneous media with refractive indices n1 and n3 . The
z axis is perpendicular to the grating boundaries, and the
diffraction problem is invariant in the y direction. Mag-
netic effects are not considered in this paper, and the con-
stant m0 denotes the permeability of the periodic struc-
ture and of the surrounding regions. We denote by c the
speed of light in a vacuum. The grating period is denoted
by L, and the magnitude K of the grating vector is equal
to 2p/L. A plane wave is normally incident from me-
dium 1. We denote by l the wavelength of the incident
wave in a vacuum and denote the wave-vector magnitude
by k (k 5 2p/l). A temporal dependence of exp( jvt) of

Fig. 1. General diffraction problem investigated in this paper
(1-D case).
the incident wave is assumed ( j2 5 21). em will denote
the mth Fourier coefficient of the relative permittivity.
For TE polarization (electric-field vector parallel to the

grating vector) the y components E1,y and E3,y of the elec-
tric fields in regions 1 and 3 are given by

E1,y 5 exp@ jn1k~z 2 h !# 1 (
i

Ri

3 exp@2j~n1
2k2 2 i2K 2!1/2~z 2 h !#exp~ jiKx !,

(1)

E3,y 5 (
i

Ti exp@ j~n3
2k2 2 i2K2!1/2z#exp~ jiKx !, (2)

respectively. Using the Floquet theorem, we can express
the y component Ey of the electric field and the x compo-
nent Hx of the magnetic field in the grating region as

Ey 5 (
m

Sm~z !exp~ jKmx !, (3a)

Hx 5 j
1

m0c (
m

Um~z !exp~ jKmx !. (3b)

In the following equations we denote the first derivative
in the z variable by a prime. By solving Maxwell’s curl
equations in the grating region and by identifying the ith
space-harmonic field components in the quasi-plane-wave
basis, we obtain

Si8 5 2kUi , (4a)

Ui8 5 2kS i2a2Si 2 (
p

e i2pSpD , (4b)

where a is a dimensionless coefficient equal to K/k. Ex-
cept for minor notation disparities, all these equations
can be found in recent papers on the coupled-wave analy-
sis of diffraction gratings (see, for instance, Ref. 16).
We now proceed with the solution of the grating diffrac-

tion problem in the limit in which the grating depth is
small compared with the wavelength (hk ! 1). We as-
sume that the ith space-harmonic field components in the
grating region can be expanded into a power series in
terms of hk. Using Eqs. (4) to express the first and sec-
ond derivatives of the space-harmonic field components,
we obtain the following Taylor expansions:

Si~h ! 5 Si~0 ! 2 hkUi~0 ! 1
~hk !2

2 F i2a2Si~0 !

2 (
p

e i2pSp~0 !G 1 O~h3k3!, (5a)

Ui~h ! 5 Ui~0 ! 2 hkF i2a2Si~0 ! 2 (
p

e i2pSp~0 !G
1

~hk !2

2 F i2a2Ui~0 ! 2 (
p

e i2pUp~0 !G
1 O~h3k3!. (5b)

Equations (5) provide a linear relationship between the
electromagnetic-field components at the two boundaries
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of the grating region. We also assume that the reflection
and transmission coefficients, Ri and Ti , can be expanded
in a similar way:

Ri 5 Ri
~0 !

1 hkRi
~1 !

1
~hk !2

2
Ri

~2 !
1 O~h3k3!, (6a)

Ti 5 Ti
~0 !

1 hkTi
~1 !

1
~hk !2

2
Ti

~2 ! 1 O~h3k3!. (6b)

The quantities Ri
(0), Ri

(1), Ri
(2), Ti

(0), Ti
(1), Ti

(2), Si(0), and
Ui(0) are unknown constants to be determined from the
boundary conditions (continuity of the tangential electric-
and magnetic-field components at the grating bound-
aries). Ri

(0) and Ti
(0) are the reflection and transmission

coefficients of the ith space-harmonic field components for
a null grating thickness. Ri

(1), Ri
(2), Ti

(1), and Ti
(2) are di-

mensionless coefficients that represent slight deviation
from the asymptotic limit (hk ! 1). Using the power-
series expansions and identifying terms of the same de-
gree in hk, one can easily show that all the unknown con-
stants can be determined. For the zeroth reflection and
transmission coefficients R0 and T0 , which are of interest
in the following, we find that

R0 5
n1 2 n3

n1 1 n3
H 1 1 j2n1

e0 2 n3
2

n3
2 2 n1

2 hk 1
4n1

n3
2 2 n1

2

3 F j (
pÞ0

epe2p

~p2a2 2 n3
2!1/2 1 ~p2a2 2 n1

2!1/2

1
~n1n3 1 e0!~e0 2 n3

2!

n1 1 n3
G ~hk !2

2 J 1 O~h3k3!,

(7a)

T0 5
2n1

n1 1 n3
H 1 2 j

e0 1 n1n3

n1 1 n3
hk 1 F e0 2

2j

n1 1 n3

3 (
pÞ0

epe2p

~p2a2 2 n3
2!1/2 1 ~p2a2 2 n1

2!1/2

2 2
~n1n3 1 e0!2

~n1 1 n3!2 G ~hk !2

2 J 1 O~h3k3!. (7b)

Let us now consider a situation such that the grating of
Fig. 1 is replaced by a homogeneous thin film. We also
assume that the relative permittivity h of this thin film is
dependent on the thin-film thickness and can be written
as

h 5 h0 1 hkh1 1 O~h2k2!. (8)

In Eq. (8) h0 and h1 are dimensionless coefficients, and h0
is the relative permittivity of an infinitely thin film layer.
The transmission and reflection coefficients Rfilm and Tfilm
of the single film, inserted between two semi-infinite me-
dia of refractive indices n1 and n3 , can be derived in a
closed form. They depend on n1 , n3 , h, k, and h and can
be expanded in a power series of hk. Using Eqs. (57) and
(58) of Ref. 17 and Eq. (8) of this paper, we find that
Rfilm 5
n1 2 n3

n1 1 n3
H 1 1 j2n1

h0 2 n3
2

n3
2 2 n1

2 hk 1
4n1

n3
2 2 n1

2

3 F jh1 1
~n1n3 1 h0!~h0 2 n3

2!

n1 1 n3
G ~hk !2

2 J
1 O~h3k3!, (9a)

Tfilm 5
2n1

n1 1 n3
H 1 2 j

h0 1 n1n3

n1 1 n3
hk

1 Fh0 2
2jh1

n1 1 n3
2 2

~n1n3 1 h0!2

~n1 1 n3!2
G ~hk !2

2 J
1 O~h3k3!. (9b)

The homogenization is performed by comparing Eqs. (7)
and (9). For small grating depths the reflection and
transmission coefficients of the grating and of the thin
film are identical provided that h0 and h1 are equal to e0
and

(
pÞ0

epe2p

~p2a2 2 n3
2!1/2 1 ~p2a2 2 n1

2!1/2
,

respectively. The result of this substitution is that the
effective relative permittivity hTE in the small-grating-
depth limit is given by

h TE 5 e0 1 (
pÞ0

epe2p

~p2a2 2 n3
2!1/2 1 ~p2a2 2 n1

2!1/2
hk

1 O~h2k2!. (10)

A similar approach can be used to derive the effective
properties for TM polarization (magnetic-field vector par-
allel to the grating vector) of 1-D gratings. The compu-
tational methodology, which is similar to that for the TE
polarization case, is not given in this paper for the sake of
conciseness. The final result for the effective permittiv-
ity hTM in the TM polarization case is

h TM 5 e0 2 (
pÞ0

epe2p

n3
2~ p2a2 2 n3

2!21/2 1 n1
2~ p2a2 2 n1

2!21/2

3 hk 1 O~h2k2!. (11)

Although more handwritten calculus is required, a simi-
lar derivation can be done for 2-D gratings. We denote
the y component of the grating vector by K, the x compo-
nent of the grating vector by rK, and the (m, n)th Fou-
rier coefficient of the grating relative permittivity by em,n .
As for the 1-D case, a is equal to K/k. For 2-D gratings
two polarizations still have to be considered at normal in-
cidence. The incident plane wave is polarized along ei-
ther the x axis or the y axis. We denote by hx and hy the
corresponding effective relative permittivities. We ob-
tain
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hx 5 e0,0 2 (
~ p,q !Þ~0,0!

e2p,2qep,qCp,q

Ap,q
2 2 Cp,qCp,q8

hk 1 O~h2k2!,

(12a)

hy 5 e0,0 2 (
~ p,q !Þ~0,0!

e2p,2qep,qCp,q8

Ap,q
2 2 Cp,qCp,q8

hk 1 O~h2k2!.

(12b)

In Eqs. (12) Cp,q , Cp,q8 , and Ap,q are defined by

Cp,q 5 N3p,q 1 N1p,q 2 q2a2~1/N1p,q 1 1/N3p,q!,
(13a)

Cp,q8 5 N3p,q 1 N1p,q 2 p2r2a2~1/N1p,q 1 1/N3p,q!,

(13b)
Ap,q 5 pqra2~1/N1p,q 1 1/N3p,q!, (13c)

and Nip,q is equal to @(p2r2 1 q2)a2 2 ni
2#1/2, with i

5 1, 3. In general, Eqs. (12a) and (12b) provide similar
but different expressions for hx and hy . When r is equal
to 1 and when the grating is symmetric (em,n 5 e2m,n
5 em,2n 5 e2m,2n), it is easily seen that Cp,q and Cq,p8
are equal, and thus hx and hy are also equal (no polariza-
tion effect).

3. APPROXIMATE EFFECTIVE INDEX
DEPENDENCE WITH THE GRATING DEPTH
Equations (10)–(12) can be simplified by neglecting the
ni

2 dependency in (p2a2 2 ni
2)1/2 and in the square-root

expressions of Nip,q . This approximation amounts to
considering that the grating is operating as a zero-order
filter with a much larger than the cutoff value, aC
5 max(n1 , n3). We obtain the following expressions for
TE and TM polarizations of 1-D gratings:

h̃ TE 5 e0 1 (
pÞ0

epe2p

2upua
hk 1 O~h2k2!, (14a)

h̃ TM 5 e0 2 (
pÞ0

upuaepe2p

n3
2 1 n1

2 hk 1 O~h2k2!; (14b)

and for 2-D gratings we obtain

h̃x 5 e0,0 2 F (
pÞ0,qÞ0

~p2r2 1 q2!3/2aep,qe2p,2q

2q2~n1
2 1 n3

2!

1 (
pÞ0

upuraep,0e2p,0

n1
2 1 n3

2 2 (
qÞ0

e0,qe0,2q

2uqua Ghk
1 O~h2k2!, (14c)

h̃y 5 e0,0 2 F (
pÞ0,qÞ0

~p2r2 1 q2!3/2aep,qe2p,2q

2p2r2~n1
2 1 n3

2!

1 (
qÞ0

uquae0,qe0,2q

n1
2 1 n3

2 2 (
pÞ0

ep,0e2p,0

2upura Ghk
1 O~h2k2!. (14d)

In Eqs. (14) the tilde is used to signify that these effective
relative permittivity expressions are valid only for large
values of a. Equations (14) show that, for infinitely small
depths, the birefringence properties of gratings vanish; e0
and e0,0 are the common effective relative permittivities of
1-D and 2-D gratings, respectively, for any polarization
direction of the normally incident plane wave. However,
we note that this result holds only in the asymptotic limit
and that, for nonzero depth (even if it is very small), the
gratings exhibit birefringence properties.
As shown by Eqs. (10)–(12), the effective relative per-

mittivities in the small-depth limit depend not only on the
grating parameters but also on the optical indices of the
surrounding media; the grating effective properties are
not intrinsic to the periodic structure but are rather re-
lated to the whole diffraction problem. However, as can
be shown by Eq. (14a), for large values of a and for TE
polarization of 1-D gratings, the effective relative permit-
tivity depends only on the grating parameters. In that
case the effective properties are intrinsic to the periodic
structures. This is not true for the TM polarization case.
According to Eq. (14b), h̃ TM depends on the optical indices
n1 and n3 . Since this was unexpected, we decided to con-
firm this prediction with rigorous computations. So let
us consider a sinusoidally modulated grating with a rela-
tive permittivity er given by

er 5 e0 1 De cos~Kx !. (15)

Throughout the paper and for numerical purposes e0 and
De are equal to 5 and 3, respectively. The high index
modulation is chosen because it allows a better testing of
EMT predictions that are, in general, less accurate in
situations strongly departing from the homogeneous case.
Figure 2 shows the comparison between rigorous com-

putation results and the prediction of Eq. (14b). For the
computation RCWA (Ref. 18) was used. In this special
TM polarization case the formulation with a highly im-
proved convergence rate19 was implemented. In Fig. 2
the solid curve is obtained with Eq. (14b) for substrate op-
tical indices varying between 2.6 and 3.5. Crosses repre-
sent effective relative permittivities derived from rigorous
computations, as explained in Section 4. Good agree-

Fig. 2. Dependence of the effective relative permittivity with
the substrate optical index. Crosses are obtained with rigorous
computations, and the solid curve corresponds to the h̃TM predic-
tion of Eq. (14b). h 5 0.001l, a 5 10, and n1 5 1.
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ment between the prediction and rigorous computations
is found. This confirms the nonintrinsic behavior of the
effective properties of 1-D gratings for TM polarization.
In Section 2 the effective properties of gratings are de-

rived in the limit of small depth-to-wavelength ratios,
which means that h/l → 0 while L/l is held constant.
This approach strongly differs from that of classical EMT
results (see Refs. 10–12), where the depth-to-wavelength
ratio is held constant while L/l → 0. Note also that, in
a previous theoretical work,20 Wirgin considered a grat-
ing with fixed groove depth and period and allowed the
wavelength of the incident wave to become increasingly
large. Consistently with Eqs. (14a) and (14b), he found
that the effective relative permittivity of 1-D gratings is e0
for any polarization of the incident light. All these re-
sults obtained with different assumptions are a little con-
fusing. To avoid any confusion in the following, we will
refer to the EMT prediction of Eqs. (10)–(12) as the small-
depth limit and to the classical EMT results with
L/l → 0 and h/l held constant as the large-depth limit.
The work by Wirgin will not be considered. In the follow-
ing we denote by nL the effective index in the large-depth
limit. This effective index, which does not depend on the
surrounding region, is intrinsic to the periodic structure.
When deriving the expressions for nL , no boundary con-
ditions are involved and the periodic structure is assumed
to have an infinite spatial extent (h → `). This is obvi-
ous from the theoretical derivations in Refs. 10 and 12
and is particularly enlightened in the paper by Bouchitté
and Petit,21 where a rigorous mathematical formalism is
applied in homogenization theory. In general, the effec-
tive index nL is expanded in a power series of a21, and
the series coefficients depend on the Fourier coefficients of
the grating relative permittivity.11,12

From the knowledge of grating effective properties in
the small-and large-depth limits an approximate expres-
sion of the effective index n(h) for arbitrary grating
depths is derived. We assume that the effective index
n(h) can be set in the following form:

n2~h ! 5 h0 1
2

p
~nL

2 2 h0!arctanS p2
h1

nL
2 2 h0

h

l
D .
(16)

In Eq. (16) the arctangent dependency is somewhat arbi-
trary, but it fulfills the three conditions n2(0) 5 h0,
dn2/d(hk) 5 h1, and n

2(`) 5 nL
2. Equation (16) will be

used in Section 4 for comparison with rigorous computa-
tion results.

4. SIMULATION RESULTS
In order to verify the depth dependence prediction, we
proceed as follows. Figure 1 defines a diffraction prob-
lem that is solved by RCWA assuming a normal incident
plane wave of unit amplitude. The grating depth h is
varied between 0.01l and either 1.5l or 2l according to
the specific case investigated in the computation. By
solving Maxwell’s equations, we compute the complex
transmitted amplitude t and reflected amplitude r of the
zero-order diffracted waves. Note that in all our simula-
tions the period-to-wavelength ratio never exceeds the
cutoff value beyond which non-zero-order waves propa-
gate in either the substrate or the incident medium.
Then, to make the analogy between subwavelength peri-
odic structures and homogeneous media, we define the
equivalent effective index of the periodic structure by the
real number nRCWA , which minimizes the error function

e 5 ur8~nRCWA! 2 ru2 1 ut8~nRCWA! 2 tu2, (17)

where r8(nRCWA) and t8(nRCWA) are the reflection and
transmission complex coefficients of a thin homogeneous
layer of thickness h and optical index nRCWA , inserted be-
tween two semi-infinite media of optical indices n1 and
n3 . Since the effective index nRCWA is expected to be
larger than the minimal value nmin of the grating index
and smaller than the maximal value nmax of the grating
index, the minimization of the error function is restricted
to the interval [nmin , nmax]. A similar approach was
used in Ref. 12 to verify the validity of the large-depth-
limit EMT prediction.
In the two following tests a 1-D grating with the sinu-

soidal index modulation of Eq. (15) is considered. Ac-
cording to Eqs. (8) and (15) of Ref. 12, the effective index
nL in the large-depth limit is

TE: nL
2 5 e0 1

1
2 De2a22 1 O~a24!, (18a)

TM: nL
2 5

1

a0
1

a1

a0
3 S Dea2

2
1 2e0a1Da22 1 O~a24!.

(18b)

In Eq. (18b) the ai’s are the Fourier coefficients of the in-
verse relative permittivity. The first simulation result
shown in Fig. 3 is obtained for TE polarization. Three
values of a are considered. a 5 20, 6, and 4. Crosses,
plus signs, and circles correspond to rigorous computation
results obtained by minimizing the error function of Eq.
(17). In Fig. 3 the solid curves correspond to the effective
index prediction of Eq. (16) with nL given by Eq. (18a).

Fig. 3. TE polarization of a sinusoidally modulated grating (e0
5 5, De 5 3, n1 5 1, and n3 5 3). Crosses, plus signs, and
circles are rigorous computation results obtained for a 5 20, 6,
and 4, respectively. Solid curves are obtained from Eq. (16) with
nL given by Eq. (18a).
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These curves are in good agreement with the rigorous re-
sults, especially for a 5 20. For a 5 6 and 4 a slight de-
viation is observed for h/l values of approximately 0.2.
Over the entire depth interval considered, the discrep-
ancy Dn between the effective indices obtained with rig-
orous computation and with EMT never exceeds 1%
(Dn/n , 0.003).
The second result, shown in Fig. 4, concerns the TM po-

larization case. As above, the same values of a and of the
index modulation are considered. For the large-depth
limit the effective index of Eq. (18b) is considered. Three
regions can be distinguished in Fig. 4. For large depth-
to-wavelength ratios (h/l . 0.4) we observe a good
agreement between the EMT prediction and rigorous
computations. The maximum deviation Dn is smaller
than 0.05 for a 5 4, 0.03 for a 5 6, and 0.01 for
a 5 20. For small depth-to-wavelength ratios a good
agreement is obtained, and the effective properties are
well described by Eq. (14b), for any value of a.
Of more interest is the third region, defined by h/l val-

ues larger than 0.1 and smaller than 0.4. The arctangent
formula of Eq. (16) deviates from the rigorous results.
The largest deviation (Dn 5 0.06) is observed for a 5 4
and 6 and for h/l 5 0.15. It corresponds to a relative er-
ror (Dn/n) of 3%. In this region rigorous computations
show that the effective indices are much smaller than the
large-depth-limit prediction. We could not explain this
anomalous behavior, but when we computed nRCWA by
minimizing the error function of Eq. (17), we noted that
the largest errors were observed in this region (although
the error e was always found to be smaller than 0.05).
The third result concerns a 2-D grating with a relative
permittivity er equal to

er 5 e0 1
De

2
cos~Kx ! 1

De

2
cos~Ky !. (19)

As in Section 3, e0 and De are equal to 5 and 3, respec-
tively. For this symmetric structure no polarization ef-
fects occur. An incident plane wave polarized along the x

Fig. 4. Same as Fig. 3 (for TM polarization), except that the ef-
fective index nL in the large-depth limit is given by Eq. (18).
direction is considered for the computation. In the large-
depth limit no closed-form expressions for the effective in-
dex nL exist to our knowledge. As shown in Ref. 12, the
computation of the zero- and second-order terms of the
power-series expansion requires the inversion of a matrix
A that must first be truncated for numerical purposes.
In the case of a sinusoidally modulated periodic structure,
convergence problems that are due to the truncation of
matrix A are not encountered. This is due to the exist-
ence of only five nonzero coefficients in the Fourier expan-
sion of the grating relative permittivity. This is also es-
pecially true for the rigorous computation; 81 orders
retained in our code22 were enough to ensure the conver-
gence (the maximum difference between the transmitted
and reflected zero-order intensities computed with 49 and
81 retained orders does not exceed 1022% in our compu-
tations).
A comparison between the EMT prediction of Eq. (16)

and the rigorous computation results is shown in Fig. 5.
The results are slightly better than those of the TM po-
larization case, and again three regions may be distin-
guished. This is not surprising if one considers that 2-D
gratings can be approximated as a superposition15 of two
1-D gratings illuminated with TE and TM polarizations.
For the 2-D case the discrepancy observed in the interme-
diate region is smaller than that of the TM polarization
case. More precisely, for any values of a and of h/l, the
effective index discrepancy Dn between the arc-
tangent expression and rigorous computation results
never exceeds 0.04 (relative error Dn/n less than 0.8%).
This implies that the arctangent expression can be used
with relative confidence for predicting the effective prop-
erties of 2-D volume gratings. It is interesting to note
that, for this particular case in which no convergence
problems occur, an excellent agreement between the EMT
prediction and rigorous results is obtained in the large-
depth limit. The difference is almost imperceptible in
Fig. 5, even for values of a just smaller than the cutoff

Fig. 5. Comparison between the EMT prediction of Eq. (16) and
rigorous computation results for the 2-D grating whose relative
permittivity is given by Eq. (19). Crosses, plus signs, and circles
are defined as for Fig. 3.
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value aC 5 3. This is a strong confirmation of the valid-
ity of the EMT derivation of Ref. 12.
When one is considering gratings with a noncontinuous

relative permittivity (for instance, lamellar gratings), the
power-series expansion used in Section 2 is no longer
valid for TM polarization of 1-D gratings and for 2-D grat-
ings. This is evident from Eqs. (11) and (12), since the h1
coefficients are infinite. In Eq. (11) the summation over
p becomes increasingly large as the logarithm of p. This
does not imply that the effective index of lamellar grat-
ings is not defined but simply means that the methodol-
ogy of Section 2 cannot be applied. However, from Eqs.
(11) and (12) and according to the classical results on the
EMT in the large-depth limit, it is predicted that the ef-
fective indices of 1-D lamellar gratings for TM polariza-
tion and of 2-D lamellar gratings are respectively e0 and
e0,0 for a null grating thickness. It is also predicted that
the effective indices present a strong and sharp variation
at very small thicknesses (vertical slope at h 5 0).
In Fig. 6 rigorous computation results obtained by

minimizing the error function of Eq. (17) are shown for
1-D and 2-D lamellar gratings. The 1-D lamellar grating
considered has one groove per period, and the fill factor
defined by the groove width-to-period ratio is equal to 0.5.
The 2-D grating is composed of square features. The fill
factor in each direction is equal to 0.5, and the periods
along each direction are equal. The gratings are etched
in a substrate with an optical index n3 equal to 3, and the
incident medium is air (n1 5 1), so the high and low op-
tical indices of the gratings are equal to 3 and 1, respec-
tively. Crosses, plus signs, and circles correspond to rig-
orous computation results obtained for a 5 20, 6, and 4,
respectively. For the rigorous computation of the re-
flected and transmitted amplitudes of the 1-D grating,
301 orders were retained in the computation. For the
2-D grating, 289 orders were retained. This corresponds
to 68 orders in each direction and is the maximum num-
ber of orders that can be retained with our workstation.
As was noted in Table 2 of Ref. 12, convergence is not
guaranteed, and only approximate values of nRCWA are
computed.
In Fig. 6(a) the solid curves correspond to the effective

index prediction of Eq. (16) for TE polarization. The
summation over p in Eq. (14a) was truncated to 6120
terms for numerical purposes. This was largely suffi-
cient to ensure a five-digit accuracy for the computation of
h1 . As in the sinusoidally modulated grating case, good
agreement between EMT and the rigorous computation is
obtained. For TM polarization [Fig. 6(b)] and for the 2-D
grating [Fig. 6(c)] the effective relative permittivities in
the large-depth limit are plotted as horizontal lines, since
the arctangent formula is not valid. For the computation
of the zero and second orders of the effective index nL of
the 2-D grating the same number of Rayleigh orders used
in the rigorous computation are retained for the matrix
inversion (MEMT 5 8 in Ref. 12). Basically, the qualita-
tive predictions obtained from Eqs. (11) and (12) are veri-
fied, and the same conclusions as those for the volume-
grating case hold. For small depth-to-period ratios the
effective relative permittivities drop quickly and tend to
be constant in the large-depth limit. However, we note
that, for large depths, the effective relative permittivity
Fig. 6. EMT of lamellar gratings: (a) TE polarization of a 1-D
grating, (b) TM polarization of a 1-D grating, and (c) 2-D grating.
In (a) the solid curve corresponds to Eq. (16), and in (b) and (c)
the solid lines correspond to the EMT prediction of Ref. 12 in the
large-depth limit.
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slightly fluctuates in Fig. 6(c), especially for a 5 4.
These fluctuations are rather small; for the six larger val-
ues of h/l the mean value and the standard deviation of
the effective index nRCWA are equal to 1.320 and 0.006, re-
spectively. We cannot explain the origin of these fluctua-
tions, which were not previously observed in Fig. 5, but
convergence problems encountered with the rigorous com-
putation may be responsible.

5. DISCUSSION AND CONCLUSION
In this paper we considered one-dimensional (1-D) and
two-dimensional (2-D) gratings with infinitely small
thicknesses. By solving Maxwell’s equations in the grat-
ing region and by matching the boundary conditions, we
expanded the reflected and transmitted zero-order dif-
fracted amplitudes in a power series of the grating thick-
ness. Closed-form expressions for grating effective indi-
ces were derived by comparing these amplitudes with
those of a homogeneous thin film with the same thick-
ness. It was shown that the effective properties in the
small-depth limit are not intrinsic to the grating but de-
pend on the whole diffraction problem and especially on
the optical indices of the homogeneous media surrounding
the grating region. Much simpler expressions for the ef-
fective indices were derived for periods small compared
with the wavelength. Within this approximation and for
TE polarization the effective indices of 1-D gratings stop
depending on the optical indices of the surrounding media
and become intrinsic to the grating structures. This is
not true for TM polarization of 1-D gratings and for 2-D
gratings.
The above results derived in the small-depth limit were

combined with classical results from the effective-medium
theory (EMT) of periodic structures. Arctangent expres-
sions for the effective indices of 1-D and 2-D gratings
were derived for arbitrary grating thicknesses. These
expressions are valid for volume gratings and for TE po-
larization of 1-D surface-relief gratings. For TM polar-
ization of 1-D surface-relief gratings and for 2-D surface-
relief gratings, only a qualitative description of the depth
effective index dependence was obtained. Comparison of
the arctangent expressions with rigorous computation re-
sults shows good agreement for TE polarization of 1-D
gratings. For TM polarization and for 2-D volume grat-
ings we noticed a discrepancy. This discrepancy is ob-
served for intermediate grating thicknesses of approxi-
mately 0.2 wavelength. Although it is weak, especially
for 2-D volume gratings, the discrepancy cannot be ig-
nored and it can be recommended that one use rigorous
computation to assess the effective properties accurately.
From a practical point of view much care must be taken

when using EMT for designing antireflection subwave-
length gratings. According to Fig. 6, for quarter-wave
grating depths, the EMT in the large-depth limit, which is
usually considered for the design, is not valid. Even if
the arctangent formula can be used with confidence for
TE polarization of 1-D gratings, for TM polarization, and
for 2-D gratings, rigorous computation is preferable for
optimizing grating structures. When larger grating
depths are considered, for instance for graded-phase dif-
fractive elements, the classical EMT prediction is accu-
rate. Our experience shows that quasi-optimal designs
can be obtained with EMT and that refinements with rig-
orous computations are not required. We expect that
this work helps clarify some aspects of the effective prop-
erties of subwavelength gratings and that the new formu-
las derived in this paper will be useful for accurately de-
signing subwavelength structures through the EMT.
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