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The influence of spectral inversion on the phase jitter of a soliton propagating in single-channel arbitrary
dispersion-managed systems is studied with a semianalytic moment method. The results are similar to those
previously observed in constant-dispersion links and show that the transmission-system reach can signifi-
cantly be increased. © 2006 Optical Society of America

OCIS codes: 060.0060, 060.1660, 060.5060, 060.5530.
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. INTRODUCTION
ifferential phase-shift-keying (DPSK) modulation for-
ats have been studied intensively in the past few years.1

hey were shown to outperform their intensity-
odulated counterparts on key points in wavelength-

ivision-multiplexed systems: high spectral efficiency,
etter tolerance to nonlinear impairments and cascaded
ltering, and a 3 dB higher sensitivity when combined
ith balanced detection. On the other hand, DPSK for-
ats are subject to impairments that are not usually en-

ountered in intensity-modulated systems. Long-haul
ransmission systems using DPSK are primarily cor-
upted by nonlinear phase jitter because power fluctua-
ions arising from amplified spontaneous emission (ASE)
oise are translated into phase fluctuations through the
elf-phase modulation (SPM) effect.2 Among the tech-
iques that have been proposed3,4 and later developed5,6

o limit this nonlinear amplitude-to-phase-noise conver-
ion also known as the Gordon–Mollenauer effect, spec-
ral inversion (SI) or optical phase conjugation promised
o be effective.7 In lossless constant-dispersion links, mid-
pan spectrum inversion makes the phase-conjugate sig-
al experience opposite dispersion and nonlinearity in the
econd half of the link, providing an exact compensation.8

ven if nonuniform distributed amplification and disper-
ion management (DM) break the power symmetry re-
uired for exact compensation, nonlinearity control is still
bserved in conventional transmission lines.9,10

Here we present the first evaluation, to our knowledge,
f phase jitter in single-channel DM soliton (DMS) links
sing SI. This calculation is based on a semianalytic mo-
ent method. We make the same set of assumptions as in
ef. 11; i.e., the chirp remains linear, and the optical fil-

ers are Gaussian shaped. Our method, which requires a
0740-3224/06/102019-5/$15.00 © 2
ingle numerical resolution of the propagation equation,
s validated by comparison with Monte Carlo simulations.
he excellent agreement showed by the results provides a

ast estimate for the extent of the transmission reach and
nsight into the physical mechanisms that reduce phase
itter in such systems.

. DERIVATION
he propagation of a single optical pulse envelope u�z , t�

n the transmission line is governed by the nonlinear
chrödinger equation (NLSE). Given that the propagation
f the phase-conjugated field u* in the second half of the
ink is equivalent to changing the sign of the local group-
elocity dispersion �2 and nonlinearity �,8 the NLSE can
e generalized to take SI into account:

i
�u

�z
−

1

2
���2�z� − ib�z��

�2u

�t2 + ���z��u�2u = ig�z�u + F�z,t�,

�1�

here g�z� is the local net gain and b�z� is the filtering fac-
or. When � evaluates to 1, Eq. (1) describes the standard
ropagation of the optical field before SI. When � evalu-
tes to −1, Eq. (1) describes the propagation of the phase-
onjugated field after SI. The noise source term F is de-
cribed by its autocorrelation function12:

�F�z,t�F*�z�,t��� = 2g0��0nsp�z���z − z����t − t��, �2�

here nsp is the spontaneous emission factor, g0 is the
mplification coefficient inside the amplifier, and ��0 is
he photon energy at the signal frequency. The factor 2 in
q. (2) accounts for the unpolarized nature of ASE.
We define the following quantities averaged over time:
006 Optical Society of America
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E =�
−�

+�

�u�2dt, �3�

P =
1

E�−�

+�

�u�4dt, �4�

� =
1

E�−�

+�

�u�2 arg�u�dt. �5�

he quantities E, P, and � respectively represent the en-
rgy, power, and phase of the optical field at a given dis-
ance. By differentiating � and P with respect to z and us-
ng the generalized NLSE (1) under the assumption that
he pulse mostly exhibits linear chirp, i.e., arg�u��z , t�

	0�z�+	2�z��t− t0�2, we derived a further generalized dy-
amic system:

d�

dz
= − ��2	2� + ��P +

i

E�−�

+�

�arg�u� − ���uF̂* − u*F̂�dt

−
1

2E�−�

+�

u*F̂ + uF̂*dt, �6�

dP

dz
= 2
g + ��2	2 −

b�z�

2E �−�

+�

�ut�2dt�P +
i

E�−�

+�

�2�u�2 − P�


�uF̂* − u*F̂�dt. �7�

hese equations describe the evolution of the moments �
nd P along the optical link.

. Evolution before Spectral Inversion
ere we recall the results obtained for filtered systems in
ef. 11.
In the case where �=1, we can implicitly integrate the

ynamic equations that govern the evolution of power and
hase by using the method of variation of parameters13:

P�z� = �P0 + i�
0

z
 1

EA1
�

−�

+�

��2�u�2 − P���uF̂*

− u*F̂�dt�dz1�A1, �8�

here

A1�z� = exp
�
0

z

2
g + �2	2 −
b�z�

2E �−�

+�

�ut�2dt�dz1� ,

�9�

� = �1 + �2 + �3, �10�

here

�1 = A2�
0

z �P

A2
dz1, �11�
�2 = iA2�
0

z
 1

EA2
�

−�

+�

�arg�u� − ��


 �uF̂* − u*F̂�dt�dz1, �12�

�3 = −
A2

2 �0

z 
 1

EA2
�

−�

+�

�u*F̂ + uF̂*�dt�dz1, �13�

A2�z� = exp�−�
0

z

�2	2dz1� . �14�

he phase variance can be calculated using Eqs. (2), (8),
nd (10):

��
2 = ��2� − ���2 = ��1

2� + ��2
2� + ��3

2� + 2��1�2�, �15�

here

��1
2� = A2

2�
0

z �A1

A2
�

0

z1 �A1

A2
�

0

z2

��q1,�q1�dz3dz2dz1,

�16�

��2
2� =

A2
2

2 �0

z

��q2,�q2�dz1, �17�

��3
2� =

A2
2

8 �0

z

��q3,�q3�dz1, �18�

2��1�2� = A2
2�

0

z

�A1�
0

z1

��q1,�q2�dz2dz1, �19�

efining the scalar product

��qi,�qj� =�
−�

+�

�qi�qj
* + �qi

*�qjdt �20�

nd the functions

�q1 = 2i�gnsp��0

2�u�2 − P

EA1
u, �21�

�q2 = 2i�gnsp��0

arg�u� − �

EA2
u, �22�

�q3 = 2�gnsp��0

u

EA2
. �23�

he quantity ��1
2� has been identified11,13 as the phase jit-

er induced by power fluctuations through SPM or nonlin-
ar phase jitter, ��2

2� and ��3
2� are direct contributions

rom the noise to phase jitter, and ��1�2� is the interfer-
nce term between these two effects.

. Evolution after Spectral Inversion
he main result presented here concerns the propagation
fter SI where now �=−1. This sign change does not affect
he direct contribution of noise to the phase variance,
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ince linear phase kicks introduced at each amplifier are
ndependent of one another. On the other hand, the non-
inear phase kicks are related to the peak power at the lo-
ation of the amplifier, which is correlated to the previous
alues of peak powers. This, in turn, leads to correlation
etween nonlinear phase kicks. As a result, changing the
ign of � introduces some anticorrelation between nonlin-
ar phase kicks before and after SI, reducing the overall
hase noise. From this observation, the only contribution
o phase jitter that needs to be fully reevaluated when op-
rating in the phase-conjugated section of the link is the
onlinear part of the phase.
The formal form of any parameter X�z� expressed be-

ore SI can also be used after SI if one shifts the origin to
he spectral inverter location �z=L1� and reverses the sign
f �2 and �. X̂�z� will then refer to the evolution of the pa-
ameter X after SI in the new coordinate system. Apply-
ng this to the nonlinear phase �1 gives its expression �̂1
fter SI:

�̂1�z� = �1�L1� − Â2�
0

z �P̂�z1�

Â2

dz1, �24�

ith power fluctuations given by

P̂�z� = Â1�P�L1� + i�
0

z
 1

ÊÂ1

�
−�

+�

��2�u�2 − P̂���uF*

− u*F�dt�dz1� , �25�

ith

Â1�z� = exp
�
0

z

2
g − �2	2 −
b�z�

2E �−�

+�

�ut�2dt�dz1� ,

�26�

Â2�z� = exp��
0

z

�2	2dz1� . �27�

he total phase variance due to the Gordon–Mollenauer
ffect is then given by

��̂1
2� = ��1�L1�2� + ��PC1

2 �z� − ��PC2

2 �z�. �28�

he first term, computed from Eq. (16), accounts for the
hase jitter accumulated before the SI, which effect is fur-
her analyzed. The nonlinearity control provided in the
econd half of the link is materialized by the negative
erm in Eq. (28), which forces the total phase variance to
ncrease at a slower rate. The natural tendency observed
efore conjugation is still observed in ��PC1

2 , but its impact
s limited by ��PC2

2 . These contributions are given by

��PC1

2 �z� = G�z�
�
0

z

��q̂1,�q̂1�dz3 + A1
2�L1��

0

L1

��q1,�q1�dz3

+ 2A1�L1��min�z,L1�

��q1�,�q1��dz3� , �29�

0

��PC2

2 �z� = −
3

8
H�z�
A1�L1�A2�L1��

0

L1

��q1,�q1�dz3

+ A2�L1��
0

min�z,L1�

��q1�,�q1��dz2� . �30�

he functions G, H, �q1, �q̂1, and �q1� are given by

G�z� = Â2
2�z��

0

z �Â1

Â2

�z1��
0

z1 �Â1

Â2

�z2�dz2dz1, �31�

H�z� = Â2�z��
0

L1 �A1

A2
�z2�dz2�

0

z �Â1

Â2

�z3�dz3, �32�

�q1 = 2i�gnsp��0

2�u�2 − P

EA1
u, �33�

�q̂1 = 2i�gnsp��0

2�u�2 − P̂

ÊÂ1

u, �34�

�q1� = 2i�gnsp��0

2�u�2 − P̂

E�A1Â1

u. �35�

�z� and H�z� are the dominant functions that determine
he evolution of the phase variance after the conjugation.
heir relative variations explain the existence of a dis-

ance for which phase jitter is minimum. Equations
28)–(35) represent the main result of this paper and are
alid for arbitrary pulse shapes and single-channel com-
unication systems, provided that the chirp remains es-

entially linear throughout the propagation. The effects of
ntrachannel interactions remain to be studied in depth.

. SIMULATIONS AND DISCUSSION
o demonstrate the validity of the moment method, we
pply it to DM soliton systems with different levels of fil-
er strength and check our model by comparing it with di-
ect Monte Carlo simulations. The average phase of the
eld was numerically evaluated over an ensemble of 512
imulations with different ASE noise used to infer the
hase variance.
The optical links are formed by one’s alternating 30 km

pans of anomalous dispersion fiber with D1
11 ps/ �nm/km� and Aeff=50 �m2 and normal dispersion
ber with D2=−10 ps/ �nm/km� and Aeff=50 �m2. The
M soliton link operates at a high peak power �7.2 mW�.
nchirped pulses are launched at the midpoint of the nor-
al dispersion span. Optical amplifiers followed by
aussian filters are placed every za=60 km along the

ink, with a noise factor nsp=1.5. The full width at half-
aximum bandwidth B of the filters in terms of optical

ower is related to the filtering factor by the relation b
ln�2� / �
2B2za�.
The standard deviation of the soliton phase is plotted in

ig. 1 for different filter bandwidths with and without
idlink SI. As the signal bandwidth is about 15 GHz, the
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00 GHz filter case corresponds to an almost unfiltered
ystem. We observe that the phase standard deviation is
reatly reduced by SI. This reduction is less effective
hen tight filtering is used. This can be explained by not-

ng that the amount of nonlinear phase noise accumu-
ated in the first half of the link is less important in that
ase. Nevertheless, midlink SI enables unfiltered systems
o show the same performance after 6000 km as standard
00 GHz systems. We also note a satisfactory agreement
etween the results of the moment method and those of
he Monte Carlo simulations.

The phase variance ��1
2� resulting from the nonlinear

hase noise mediated by SPM is plotted in Fig. 2 for the
ase of 100 GHz filters. Its different contributions (shown
n dashed curves) after SI directly reflect the dominant
ehavior of the functions G�z� and H�z� defined in Eqs.
31) and (32). Their relative variations modify the overall
volution in a way similar to the constant-dispersion soli-
on case7 in which nonlinearity control is achieved and re-
ults in the existence of a minimum value for the phase
itter. Since this minimum is reached somewhere in the
econd half-part of the propagation, midlink SI is cer-
ainly not optimal. This leads us to study the impact of
he SI location. Figure 3 depicts the evolution of the stan-
ard deviation of the phase as a function of distance when
he location of the spectral inverter is changed from its

ig. 1. Standard deviation of the phase as a function of distance
or the DM soliton system with and without SI.

ig. 2. Variance of the nonlinear phase as a function of distance
or the 100 GHz DMS system.
ymmetrical position �L1=3000 km� to 2500, 4000, and
500 km. The latter two cases correspond to a two-third-
nd three-fourths-link SI.
First, we can see that, if SI is performed before
idlink, we rapidly lose the benefit of nonlinear compen-

ation, since we observe a growth similar to the one ob-
erved without SI for the same system in Fig. 1. This can
e explained by the fact that, after L1 km propagation in
he second half of the link, Eq. (30) has a different behav-
or. In that case, min�z ,L1�=L1, which means that the

ultiplicative term modulating H�z� is now constant. If
he same conclusion can be drawn for the analog term in
q. (29), the overall multiplicative coefficient in front of
�z� is still dependent on z, which leads to a nonlinear
hase jitter evolution similar to the one before SI. The
imilarity is also reflected in the notations, since the driv-
ng term of ��PC1

2 −��PC2

2 is G�z��0
z��q̂1 ,�q̂1�dz3 and can be

ompared with its counterpart before SI expressed by Eq.
16). Intuitively, the potential correlations between phase
icks before and after SI cannot extend beyond a propa-
ation distance of 2L1.

Finally, when SI is performed after the midlink point,
he results show that the best location is close to the two-
hirds link. In this quasi-optimal case, the maximum non-
inear phase jitter control is achieved just before 6000 km.
he performance reached in terms of standard deviation

n this case results in a 2.11 range extension when com-
ared with the extent of the corresponding link without
I to get the same performance.

. CONCLUSION
e have shown that in-line spectral inversion is an effec-

ive technique to reduce nonlinear phase jitter in single-
hannel DMS systems. Because phase fluctuations are
ot Gaussian, the model based on the moment method de-
eloped here cannot be expected to accurately predict ex-
ct bit error rates.14,15 Nevertheless, it quickly evaluates
hase jitter in arbitrary dispersion-managed systems,
nd its good agreement with Monte Carlo simulations
akes it a useful and practical tool to qualitatively assess

he performance of DPSK systems. As phase conjugation
ompensates for nonlinearity, cross-phase-modulation-
nduced phase noise reduction is also expected in multi-
hannel systems.16

ig. 3. Phase variance evolution as a function of the spectral in-
erter location for the 100 GHz DMS system.
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