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Introduction to Surface Plasmon Theory
Jean-Jacques Greffet

Abstract This chapter is an introduction to the surface plasmon theory. We start
with the solid-state point of view with emphasis on the concept of polariton and
the limits of the Drude model. The concept of electromagnetic surface wave is then
introduced in a general framework. Three particular cases are then discussed: the
surface plasmon, the surface phonon polariton and the Sommerfeld surface wave.
The key properties of surface plasmons for optics are discussed in general terms,
with special emphasis on the concepts of field confinment and local density of states.
The differences between the dispersion relations of surface waves in the presence of
losses are analysed and their significance is explained. Finally, an equivalent of the
Huygens–Fresnel principle is derived for the surface plasmon polaritons.

4.1 Introduction
This chapter is part of a book devoted to the optics of surface plasmons. The term
surface plasmon is used both for polarization oscillation of metallic nanoparticles
and for waves propagating along a plane interface and exponentially decaying away
from the interface. This chapter will mostly cover the latter case. From the point of
view of electrodynamics, surface plasmons are a particular case of a surface wave, a
topic that has been extensively covered in the early days of radiowave propagation
along the earth [1–4]. From the point of view of optics, surface plasmons are modes
of an interface. They have been extensively studied in the 1970s and 1980s. Several
excellent monographs are available from this point of view [5–7] and more recent
achievements are summarized in Refs. [8–10]. Finally, from the point of view of solidstate physics, a plasmon is a collective excitation of electrons. Excellent introductions
can be found in well-known textbooks [11, 12] and in more advanced texts [13–15].
J.-J. Greffet (B)
Institut d Optique Université Paris-Sud, CNRS, RD 128, F-91127 Palaiseau Cedex, France
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The goal of this chapter is to provide an introduction to the three different points
of view and to serve as a lecture guide. In the first section, we will show how the
plasma frequency can be seen as the natural oscillation frequency of electrons in a
thin film. This (solid-state) point of view will be generalized to bulk plasmons in
an electron gas in the second section using a hydrodynamic model. This analysis
will serve the purpose of explaining the concept of polariton: an electromagnetic
wave coupled to a polarization excitation in the material. We will then adopt the
macroscopic electrodynamics point of view and derive the dispersion relation of a
surface wave. In this approach, the material properties are accounted for by using a
dielectric constant without any microscopic model. We will discuss the similarities
and differences between different types of surface waves (lateral waves, Zenneck
modes, Sommerfeld modes, quasicylindrical waves) without invoking any specific
model of the dielectric constant. Hence, this discussion will be equally valid for
radio waves or optical waves, for metals or dielectrics. We will then focus on the
case of surface plasmon polaritons. To this aim, it is often convenient to use the Drude
model but it is also critical to be aware of its limitations. This will be summarized in
Sect. 4.5. Surface phonon polaritons and radio surface waves will be introduced in the
following sections. In Sect. 4.8, we will outline the key properties that make surface
plasmons so unique. The aim of this section is to identify fundamental properties of
surface plasmons that may help us to decide when surface plasmons can be useful for
optics applications. The subtle issue of the dispersion relation of surface plasmons
on lossy materials will be analysed in Sect. 4.9. Finally, surface plasmon optics will
be the subject of the last section. It will be shown how the propagation of surface
plasmons along a flat interface can be modelled using a Fourier optics framework

4.2 Surface and Particle Electron Oscillation Modes:
Introductory Examples
To start, we consider a thin metallic film. The metal is described by a simple model:
we assume that there are n free and independent electrons per unit volume. The
crystal lattice is modelled by a uniform positively charged background. This is the
so-called jellium model. The purpose of this section is to illustrate the essence of a
plasmon: it is an oscillatory collective mode of the electrons. To proceed, we assume
that classical mechanics can be used.
Let us now assume that a positive static homogeneous electric field E ext x̂ is applied
normally to the film along the x-axis (see Fig. 4.1). A force −eE ext x̂ is exerted on the
electrons so that they will be displaced by x (with x < 0). A negative static surface
charge nex will appear on the left interface and a positive surface charge on the right
side. These surface charges produce a static field that cancels the external field in
the metal. Let us now assume that the external electrostatic field is turned off at time
t = 0. The electrons in the film will be accelerated by the electric field generated by
the surface charges. When they return to their initial position, they have acquired a
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Fig. 4.1 Oscillation of the electron gas for a a thin film, b a metal–vacuum interface, and c a
nanosphere

momentum so that they keep moving along the positive x-axis and therefore generate
an electric field of opposite sign. This process will be repeated and will produce an
oscillation. It is easy to quantitatively describe this phenomenon by using Newton’s
law applied to a single electron:
m

d2 x
= −eE x ,
dt 2

(4.1)

where we have neglected the magnetic force. Using Gauss’s theorem, it can be shown
that the field generated by a sheet carrying a surface charge nex is (nex/2ǫ0 )u where
u is an outward unit vector. It follows that the field generated by the surface charge nex
for a displacement x is found to be E x = 2nex/2ǫ0 where the factor 2 accounts for
the presence of two interfaces. It follows from Newton’s equation that the movement
of one electron is given by:
ne2
d2 x
+
x = 0.
2
dt
mǫ0

(4.2)

This simple argument allows us to introduce in a simple way the plasma frequency
ωp:
ne2
ω 2p =
(4.3)
mǫ0
that appears to be the frequency of the collective oscillation of the electrons in the
bulk of the film. To summarize, the oscillation is produced by an electric field due
to all the electrons. This is why it is called a collective oscillation. With this simple
argument, we have captured the essence of the plasmon: it is the natural collective
oscillation of the electrons characterized by the plasma frequency.
We now consider the case of a single interface. In other words, we consider that
the thickness of the film goes to infinity so that the force is only due to the charge
density of one interface. It follows that the electric field is due to only one interface
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instead
√ of two and takes the value nex/2ǫ0 . The oscillation frequency is therefore
ω p / 2.
We finally consider the case of a nanosphere. For a sphere much smaller than
the wavelength, retardation effects can be neglected so that we can use the electrostatic form of the field generated by a uniform polarization field Px of the particle
E x = −Px /3ǫ0 [16]. Inserting this form of the electric field in Eq. (4.1) yields:
m

d2 x
−Px
= −e
.
2
dt
3ǫ0

(4.4)

The polarization Px is due to the displacement of the electrons so that we have
Px = −nex. Upon inserting this expression in Eq. (4.4), we find:
d2 x
ne2
+
x = 0.
dt 2
3mǫ0

(4.5)

√
so that the resonance frequency of the plasmon in a nanosphere is given by ω p / 3.
The modes of a sphere will be further discussed in the chapter written by
J. Aizpurua and R. Hillenbrand . In this chapter, we will focus on surface modes
that can propagate along a flat interface while decaying exponentially on both sides
of the interface. Here, we simply make a comment on terminology. It turns out that
both nanosphere modes and modes propagating along an interface are called surface
modes although they are different.

4.3 Bulk Plasmon
4.3.1 Hydrodynamic Model: The Concept of Polariton
We now consider a more general analysis of the concept of plasmon. We do not
consider a specific geometry. Instead, we look for a general equation describing a
charge density wave in an infinite homogeneous electron gas. Our primary objective
in this section is to illustrate the concept of polariton in the particular case of a
plasmon. The key idea that will be introduced here is that when an electromagnetic
wave propagates in a material medium, the field polarizes the medium and therefore
excites a mechanical movement of the charges. It follows that field and charges are
coupled. This coupled excitation is called a polariton. In the case of a metal, the field
can couple to a longitudinal charge density wave that can be viewed as an acoustic
wave in the electron gas. The resulting polariton is called a plasmon polariton. In an
ionic crystal like NaCl for instance, an electromagnetic field can excite the mechanical
motion of the ions (a phonon) and therefore generate a polarization oscillation. This
is called a phonon polariton. Finally, the coupling between the field and an electronhole pair (an exciton) is called exciton polariton. The purpose of this section is to
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provide a simple explicit model of this coupling in the case of a metal within the
jellium model introduced above. We will use a hydrodynamic model to derive the
equation of the charge density wave. To begin, we write Euler’s equation, the mass
conservation and Gauss–Maxwell equation:
nm




∂v
+ v · ∇v = −neE − ∇ Pe ,
∂t
∂n
∇ · (nv) = −
∂t
n − n0
∇ ·E=
(−e),
ǫ0

(4.6)

where Pe is the electronic pressure and n(x, t) is the number of electrons per
unit volume. We finally introduce the compressibility of the electron gas ∂ Pe /∂n
= mv 2F /3 where v F is the Fermi velocity [12]. When looking for a small amplitude
perturbation n 1 (x, t) = n(x, t) − n 0 and Pe1 = Pe − Pe0 where x0 indicates the
equilibrium value of x, the non-linear term v · ∇v can be neglected. Let us comment
on this set of equations. For a neutral gas, the electric force −neE in Euler’s equation would be suppressed. One would then find the usual propagation equation for
acoustic waves. Here, after linearizing, we find a set of two coupled linear equations:
∇ 2n1 −

3n 0 e
3 ∂2n1
=− 2 ∇ ·E
2
2
v F ∂t
mv F
n1
∇ · E = (−e).
ǫ0

(4.7)

This system clearly exhibits the coupling between the acoustic wave and the
electric field. It is seen that the electron density satisfies a propagation equation with
a source term given by the divergence of the electric field. Similarly, the equation
describing the longitudinal component of the electric field is driven by the electron
density modulation n − n 0 . The resulting coupled oscillation is called a polariton.
The key idea here is that the acoustic and the electromagnetic fields are no longer
modes of the system. The mode of the system is a coupled mode called polariton.
It can be viewed as an object which is half a photon and half a phonon.
It is now a simple matter to eliminate the electric field and find the propagation
equation for the electron density wave that accounts for both the pressure force and
the electric force. When searching for a solution of the form exp(ikx − iωt), we find
the dispersion relation:
v2
(4.8)
ω 2 = ω 2p + F k 2 .
3
It turns out that the electric force yields the ω 2p contribution, which is much larger than
the pressure contribution v 2F k 2 for wavevectors in the optical regime (i.e. k ≪ ω/v F ).
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It follows that in the optical regime, the dependence of ω on the wavector can be
neglected.
To summarize this section, it has been shown that the plasmon appears to be an
acoustic wave in an electron gas. As the particles are charged, an additional electric
force has to be accounted for. It turns out that this electric force yields the dominant
contribution so that the waves are essentially spatially non-dispersive. Note also that
with this approach, it clearly appears that the electric field is parallel to the wavevector
as it is due to the charge density gradient.

4.3.2 Bulk Plasmon: Electromagnetic Model
When studying the propagation of waves in a vacuum, we always focus on transverse
waves as longitudinal solutions do not exist. This is no longer the case in a material
medium. Plasmons are longitudinal solutions of Maxwell equations. In the previous
section, we have studied the propagation of coupled mechanical and electromagnetic
waves using a hydrodynamic model of a metal. We have found that the electromagnetic solution has an electric field, which is parallel to the wavevector. From a more
general perspective, this solution is a longitudinal solution, namely a solution that
satisfies ∇ × E = 0. Such a solution is therefore fully described by the equation
∇ · D = 0. In this section, we examine the existence of a longitudinal solution of
Maxwell equations without invoking a specific model of the medium. If we assume
that the medium is linear, homogeneous and isotropic, we can introduce a dielectric
constant. The most general linear form includes a dependence on the frequency and
the wavevector ǫ(k, ω):
D(k, ω) = ǫ(k, ω)E(k, ω).

(4.9)

The dependence of ǫ(k, ω) on ω is called dispersion and the dependence on k is
called spatial dispersion. This dependence on the wavevector leads to a non-local
relation between the electric field and the vector D in direct space so that spatial
dispersion and non-local dielectric constant are two aspects of the same property:
D(r, ω) =



dk
ǫ(k, ω)E(k, ω) exp(ik·r) =
8π 3



ǫ(r − r′ , ω)E(r′ , ω)dr′ . (4.10)

The equation ∇ · D = 0 can be cast in the form:


dk dω
ǫ(k, ω)E(k, ω) exp(ik · r − iωt)
∇ ·D = ∇ ·
8π 3 2π

dk dω
ǫ(k, ω)[ik · E(k, ω)] exp(ik · r − iωt) = 0.
=
8π 3 2π
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(4.11)

If we seek a non-zero longitudinal electric field, then k · E(k, ω) = 0 so that
ǫ(k, ω) = 0. A local medium has a dielectric constant that does not depend on
k so that the dispersion relation of the longitudinal solution is given by ǫ(ω) = 0.
For the particular case of a non-lossy Drude model, ǫ(ω) = ǫ0 (1 − ω 2p /ω 2 ) so
that we find ω = ω p in agreement with the local approximation of Eq. (4.8). The
discrepancy with the previous section illustrates the fact that the Drude model is an
approximation that does not account for the k-dependence of the dielectric constant.
This is usually an excellent approximation as we have discussed above. Yet, it is
necessary to be aware that the Drude model is valid, provided that k ≪ ω p /v F .
Models accounting for the k-dependence of the dielectric constant (i.e. non-local
models) are discussed in Refs. [12–14, 17].

4.4 Surface Electromagnetic Wave
So far, we have introduced the concept of polariton and the particular case of a
bulk plasmon polariton. Let us emphasize that we have only discussed waves propagating in a bulk medium. Moreover, we have studied longitudinal electromagnetic
modes. We now consider waves propagating along an interface which are transverse.
The aim of this section is to search for a solution confined close to the interface. More
precisely, we look for a solution that decays exponentially away from the interface.
At this stage, we do not make any particular assumption regarding the specific properties of the medium. Hence, the surface wave dispersion relation that we will find
can be applied to any material (e.g. metals, dielectrics) and any frequency range
(e.g. radio waves, IR, visible). The only assumption made in what follows is that
the media are local and isotropic. Hence, they are characterized by a complex
frequency-dependent dielectric constant ǫr and a complex frequency-dependent
permeability µr . We denote the upper medium (z > 0) with the index 1 and the
lower medium (z < 0) with the index 2 as indicated in Fig. 4.2. We denote k the
wavevector and denote (α, β, γ) its Cartesian components and k its modulus.

4.4.1 Dispersion Relation for the Non-Magnetic Case
The electric field obeys the Helmholtz equation in both media:
∇ 2 Ei + µi ǫi

ω2
Ei = 0,
c2

(4.12)

with i = 1, 2. For a p-polarized solution (also called TM for transverse magnetic),
we seek a solution of the form:
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Fig. 4.2 Schematic representation of the exponential
decay along z of the amplitude
in media 1 (dielectric) and
2 (metal) of a surface wave
propagating along the x-axis

z

1
x
2

z > 0 E x1 = E 0 exp[iαx + iγ1 z]
z < 0 E x2 = E 0 exp[iαx − iγ2 z]

(4.13)

that satisfies the continuity condition along the interface. Here,
γ1 = [µ1 ǫ1 ω 2 /c2 − α2 ]1/2

(4.14)

γ2 = [µ2 ǫ2 ω 2 /c2 − α2 ]1/2

(4.15)

with I m(γ1 ) > 0 and

with I m(γ2 ) > 0 so that the waves decay exponentially far from the interface. We
look for transverse waves so that, by definition, ∇ · E = 0. In Fourier space, this
relation becomes k · E = 0 where k = (α, 0, γ). We stress that this equation does
not have the usual geometrical meaning of two perpendicular real vectors because k
is complex. In other words, transverse (i.e.∇ · E = 0) should not be confused with
perpendicular. It follows that:
k E0
exp[iαx + iγ1 z]
γ1
k E0
exp[iαx − iγ2 z].
=
γ2

z > 0 E z1 = −
z < 0 E z2

(4.16)

If we now enforce the continuity condition of the z-component of ǫE at the interface, we obtain:
(4.17)
ǫ1 γ2 = −ǫ2 γ1 .
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Fig. 4.3 Polarization of the surface plasmon polariton. The figure illustrates the surface charge
density wave. It follows that the electric field has a normal component at the interface that oscillates.
The figure shows that the continuity of the field in the vacuum requires a curvature of the field lines.
The electric field is thus elliptically polarized in the plane (x, z)

These equations are the dispersion relations of the surface wave. To obtain a more
explicit form, we take the square of both terms. Note that we lose the sign at this
point so that we will need to check that the final solution satisfies the original dispersion relation. For TM-polarization, the solution for α is denoted as K S P (ω) and is
given by:
ω 2 ǫ1 ǫ2
K S2 P (ω) = 2
.
(4.18)
c ǫ1 + ǫ2
A similar calculation for the magnetic case in s-polarization yields:
µ1 γ2 = −µ2 γ1 .

(4.19)

4.4.2 Polarization of the Surface Wave
We have seen that the electric field of a surface wave propagating along the x-axis
has two components along the x and the z axes. Moreover, the z-component of the
electric field is complex. Hence, the electric field has an elliptic polarization in the
(x, z) plane. This peculiar polarization can be understood from the following remark.
The existence of a z-component of the electric field entails the presence of a surface
charge Pz2 − Pz1 along the interface. Hence, the surface wave can be viewed as
a surface charge density wave propagating along the x-axis as depicted in Fig. 4.3.
Since in the vacuum above the interface the field lines must be continuous, there
must be an x-component of the field to close the line fields (see Fig. 4.3).
It is worth emphasizing a difference between the current density and the surface charge associated with the surface plasmon. Although the current density
j = −iωP = −iωǫ0 (ǫ2 − 1)E penetrates in the metal over the skin depth, the
surface charge does not penetrate in the metal as ∇ · P = ǫ0 (ǫ2 − ǫ1 )∇ · E = 0 below
the interface. The contribution to the surface charge is a pure surface term given by
Pz2 − Pz1 . For a metal–vacuum interface, it is simply given by Pz2 . From a physical
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Table 4.1 Decay length for a surface plasmon propagating along a gold/vacuum interface
λi (µm)

0.633

1

10

36

δx
δz1
δz2

9.8
0.165
0.014

91.6
0.51
0.012

38,880
57.3
0.011

504,243
702.67
0.013

Data taken from Etchegoin et al. at 633 nm and 1 µm [19], from Ordal et al. [20] for 10 and 34 µm

point of view, a surface charge must have some finite extension along the z-axis. One
has to account for non-local effects to introduce the relevant length scale. It is the
Thomas–Fermi length scale, which is of the order of tenths of nm.

4.4.3 Length Scales of a Surface Wave
There are three different lengths characteristic of a surface wave. It is seen from
Eq. (4.18) that the wavevector is complex if there are losses. The imaginary part
of K S P P accounts for the decay of the surface wave upon propagation along the
interface. A characteristic decay length can be defined by δx = 1/I m(K S P P ). As the
wave does not radiate, the decay is entirely due to losses in the media. In other words,
the surface wave energy is converted into heat. There are two other characteristic
lengths accounting for the exponential decay of the surface wave away from the
interface. They are given by δzi = 1/I m(γi ) in medium i. They are found by inserting
Eq. (4.18) into Eqs. (4.14, 4.15):

1/2
ǫi2
ω
1
= I m[γi ] = I m
δzi
c
ǫ1 + ǫ2

(4.20)

Typical orders of magnitude for metals are given in Table 4.1. It is clearly seen
that the surface plasmon has a decay length along the x-axis of the order of a few
micrometers in the visible range, but considerably larger in the infrared. Regarding
the spatial extension of the wave in the metal (medium 2), it is seen that the decay
length is almost constant. It is mainly given by the skin depth in the metal and is of
the order of 12 nm. By contrast, the extension of the surface wave given by δz1 in
medium 1 changes dramatically. It varies between 165 nm in the visible and 700 µm
in the IR. Hence, it is seen that the surface wave is not confined close to the interface
in the IR. Since most of the energy of the mode is in the vacuum, Joule losses are
negligible so that the decay length upon propagation is drastically reduced.
We finally note that the confinment in a dielectric is due to the fact that
α2 > ǫ1 ω 2 /c2 . We note in particular that for very large wavevectors α, δzi =
1/I m(γi ) ≈ 1/α, so that large vectors are strongly confined.
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4.4.4 Link with Resonances of the Reflection Factor
An alternative approach to find the dispersion relation consists in looking for the
poles of the Fresnel reflection factor. The reason for looking at the Fresnel factors is
s, p
s, p
simple. Since we can write Er = rs, p E inc , it is seen that the reflection factor rs, p
s, p
can be considered to be a linear response factor to the incident field E inc viewed as
an external excitation. As for any linear system, a resonant response is the signature
of the excitation of a mode of the system. Hence, writing that the denominator of
rs, p is zero yields the pole, which is the signature of a mode of the interface. It can be
checked that ǫ1 γ2 + ǫ2 γ1 is indeed the denominator of the Fresnel reflection factor
for p-polarization for a non-magnetic material. We can now generalize the approach
to a magnetic material for both polarizations. The Fresnel reflection factors can be
cast in the form:
rs =

µ2 γ1 − µ1 γ2
µ1 ǫ2 γ1 − µ2 ǫ1 γ2
; rp =
.
µ2 γ1 + µ1 γ2
µ1 ǫ2 γ1 + µ2 ǫ1 γ2

(4.21)

It follows that the corresponding dispersion relation can be written as follows:
µ2 γ1 + µ1 γ2 = 0; µ1 ǫ2 γ1 + µ2 ǫ1 γ2 .

(4.22)

It is seen that a surface wave can be obtained in the case of a magnetic material
in s-polarization if the permeabilities µi have opposite signs. It is also of interest to
note that the zeros and the poles of the reflection factor are given by very similar
equations. We will come back to this point in the section on surface plasmons. This
approach is of particular interest when dealing with more complex systems such as
multilayers. It does account for guided modes, interface modes and the coupling
between these modes.
A technical remark might be useful here. The reader may be familiar with a
presentation of the Fresnel reflection factor using the incident angle θi as a variable
instead of the parallel component of the wavevector k. For the case of a propagating
incident wave in a lossless dielectric medium with refractive index n 1 , it is essentially
a matter of taste to use k or n 1 (ω/c) sin θi . If we seek the zero of the denominator,
we need to use a real value of k, which is larger than n 1 ω/c. A question then arises:
is such a large k physical? If yes, how can we generate a large surface wavevector?

4.4.5 Generation of a Surface Wave
When using the Fourier representation of a field, a real wavector k is used. It is known
that in a vacuum, the wavevector has a modulus ω/c so that it might seem that large
values of k are not possible. It might be useful at this point to write the Fourier
expansion of a scalar spherical wave propagating with phase velocity c known as
Weyl’s expansion:
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exp(ikr )
= 2iπ
r

∞

−∞

dα
2π

∞

−∞

dβ 1
exp[i(αx + β y + γ|z|)],
2π γ

(4.23)

where γ = [ω 2 /c2 − α2 − β 2 ]1/2 and I m(γ) > 0. This mathematical identity clearly
exhibits the fact that a spherical scalar wave produced by a point-like source contains
arbitrarily large values of α and β. Due to the dispersion relation α2 + β 2 + γ 2
= ω 2 /c2 , it is seen that γ is imaginary for α2 + β 2 > ω 2 /c2 . Hence, the field
produced by a point-like source contains evanescent waves that always decay away
from the source as indicated by the absolute value |z|. Placing a point-like source
above an interface amounts to illuminate this interface with decaying evanescent
waves. There are other techniques to generate evanescent waves, i.e. to generate large
wavevectors.
(1) One can use a metal film with a thickness smaller than the skin depth separating
two dielectric media with different dielectric constants n 1 and n 2 > n 1 . Here,
the key idea is to take advantage of a large refractive index to increase the
modulus of the wavevector. By illuminating from the side of the high refractive
index medium, it is possible to excite through the film with a plane wave with
wavevector α = n 2 ω/c sin(θi ) and excite the surface wave on the other side
by taking adavantage of the fact that the incidence angle can be chosen so that
α > n 1 ω/c.
(2) A grating with period d can be used so that the nth order of the grating has a
wavevector αn = n 1 ω/c sin θi + n2π/d that can be equal to ksp .

4.5 Surface Plasmon Polariton
In this section, we will consider the specific case of surface waves propagating at the
interface between a metal and a dielectric. These surface waves are called surface
plasmon polaritons. Some authors [6, 8] call surface plasmons the electrostatic limit
(or large wavevector limit) of the surface plasmon polariton as introduced in the
previous section. However, most authors use the term “surface plasmon” as a generic
term without making this distinction.

4.5.1 Dielectric Constant of a Metal
Drude model
We start the discussion by introducing the Drude model of the dielectric constant for
a metal described by an electron gas. The relative dielectric constant can be cast in
the form:
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ǫr (ω) = 1 −

ω 2p
ω 2 + iγ(ω)ω

.

(4.24)

This relation clearly shows that there is a strong frequency dependence (i.e. dispersion) of the dielectric constant. Since the Fourier transform of a product is a convolution product, the relation D(r, ω) = ǫ0 ǫr (ω)E(r, ω) becomes in time domain:
D(r, t) =

t

−∞

ǫ0 ǫr (t − t ′ )E(r, t ′ )dt ′ .

(4.25)

Two time scales are included in the model. On the one hand, the plasma frequency
is the mode frequency of the charge density oscillation. The plasma frequency lies
in the near ultraviolet for most metals. A second time scale appears in this formula, namely the relaxation time τ (ω) = 1/γ(ω). The relaxation time describes the
relaxation processes for excited electrons. A major source of confusion is that in
most references, the dependence of the relaxation coefficient on the frequency ω is
omitted. Care must be taken as the relaxation of an electron with an energy of a few
eV has little in common with the relaxation of an electron with an energy of few
meV. The decay processes are completely different. It follows that it is not correct to
insert in the model of optical properties the value of γ derived from the conductivity
at zero frequency. In particular, it is known that γ at zero frequency decays when
the temperature decays. However, this is not a valid conclusion in the optics regime.
Indeed, even at low temperature, the electron–electron interaction remains an efficient relaxation channel and is almost not dependent on the electron temperature.
In addition, electrons can emit phonons. These two mechanisms are still possible
at low temperature. One of the practical conclusions of this paragraph is that metal
losses cannot be significantly reduced when reducing the temperature. The reader
will find more information on electron losses in Refs. [21–26]. Finally, we mention
that the relaxation time is typically of the order of 10 fs for noble metals and visible
excitations.

Beyond the Drude model
Although the Drude model can be a very useful tool, it is important to keep in mind
that its accuracy is much better in the IR than in the visible range. The reason is that
the Drude model accounts for the contribution of the free electrons in the conduction
band. When the frequency increases, photons can excite electrons in electronic bands
of lower energies (usually a d-band) so that new absorption channels are available.
This introduces serious deviations from the Drude model. This can be accounted
for by developing fits of the measured dielectric constant as reported in several
references [19, 27–29]. It is of course essential to use these realistic models when
studying plasmons using time-domain calculations. Figure 4.4 illustrates the large
difference in the optical part of the spectrum between a Drude model obtained by
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Fig. 4.4 Comparison of
experimental data and a Drude
fit of the dielectric constant for
gold a real part of the dielectric
constant b imaginary part
of the complex dielectric
constant

(a)

(b)

fitting experimental data and a more detailed fit of the data reported by Johnson
and Christy for gold [30]. The absorption band observed in the imaginary part of
the dielectric constant between 0.3 µm and 0.4 µm is due to absorption by d-band
electrons.
Another limitation of the Drude model is that it does not account for non-locality
also called spatial dispersion. Spatial dispersion means that the dielectric constant
depends on the wavector. In direct space, the polarization at point r depends not only
on the value of the electric field at this point but also in its vicinity, hence the name
non-locality [18]. The dielectric constant has two length scales corresponding to two
different phenomena. The first effect is the screening of the field at an interface. Classical local electromagnetism assumes that the normal component is divided by ǫr at
the interface between a vacuum and a metal. The microscopic phenomenon responsible for this effect is the screening of the field by the electrons. It requires a certain
length to take place. This screening length is the so-called Thomas–Fermi length for
metals. For electrolytes, the corresponding screening length is called Debye–Huckel
length. This phenomenon corresponds to longitudinal fields. We now consider the
second length scale that appears in non-local models of the optical response of metals.
This length scale is the length travelled by an electron at velocity v F during an optical
cycle. When this length scale is much smaller than the wavelength, the optical properties are not affected. By contrast, for wavectors k > ω p /v F , non-local corrections
are expected. This can be understood from the hydrodynamic model introduced in
Sect. 4.3.1. It is seen from that model that the term v 2F k 2 becomes dominant for large
values of k. This condition also corresponds to a threshold for energy absorption. It
can be understood in two different ways. The first picture is due to Landau and has
been introduced to explain the absorption in plasmas. When the electron velocity
v F is equal to the phase velocity ω/k of the field, the electron velocity and the field
are always in phase so that the energy transfer is very efficient. This is the so-called
Landau damping mechanism.

14

Another point of view is to consider that the absorption of a plasmon allows
generating an electron hole-pair. There is a threshold value of k due to momentum conservation. Let us consider an interaction between an electron with initial
momentum q and initial energy 2 q 2 /2m with a surface plasmon with energy ω
and momentum k. The electron is close to the Fermi surface so that q = mv F .
The interaction must conserve the energy and the momentum so that we have
2 qdq
2 
(q + dq)2 − q2 ≈
≈ v F dq,
2m
m
k =  dq

ω =

(4.26)

where we have given a rough estimate of ω. Eliminating dq between the two equations, it is seen that for k ≈ ω/v F , the interaction satisfies energy and momentum
conservation. For usual electromagnetic excitations, this process is forbidden as the
electromagnetic wavevector k ≈ ω/c is too small. Yet, surface plasmons may have
large wavevectors and therefore this process can take place. We note here that this
process can also take place when a dipole is close to a metal interface at a distance
d smaller than v F /ω as its near-field contains large wavevectors. In summary, for
values of k larger than ω/v F , the plasmon is damped as it can relax by generating
an electron-hole pair. Clearly, this process introduces a cut-off spatial frequency for
the surface plasmons. More information on the non-local description of the optical
properties of solids can be found in Refs. [12–14, 17]. For noble metals, the typical
Thomas–Fermi screening length is of the order of 0.1 nm and the typical Landau
damping length scale is of the order of 1 nm.

4.5.2 Dispersion Relation of a SPP
Non-Lossy Drude Metal
In this section, we discuss the dispersion relation of a surface plasmon using the
discussion on the Drude model. As already stated, this is a crude model for noble
metals when the frequency approaches the plasma frequency. We nevertheless use
it for the sake of simplicity to discuss a few key issues. Although losses play a
very important role, we start by neglecting them in order to base our introductory
discussion on the simplest analytical formulas. However, we emphasize that the
results obtained are only a rough approximation of the actual properties. We consider
that the upper medium is a dielectric with a real dielectric constant ǫ1 and the lower
medium is a metal described by a non-lossy (γ = 0) Drude model.
Inserting the Drude form of the dielectric constant in the dispersion relation given
by Eq. (4.18), we obtain:
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Fig. 4.5 Dispersion relation
of a surface plasmon
propagating along an
interface separating a lossy
metal described by the Drude
model from a vacuum. The
implicit dispersion relation
can be solved searching for a
real frequency and a complex
wavevector or vice versa. Two
different dispersion relations
are obtained. a Frequency versus real part of the complex
value of ksp , b real part of the
complex frequency versus the
real wavevector α.
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.

p

(4.27)

It is √
seen in this formula that the dispersion relation has an asymptote for a frequency
ω p / 1 + ǫ1 (see Fig. 4.5). When plotting this equation, a second branch is obtained
for frequencies larger than ω p . This branch is not a surface wave. Indeed, for ω > ω p ,
the metal dielectric constant is a positive real number so that the metal is a dielectric
from the optical point of view. In this regime, the waves can propagate although the
refractive index is smaller than 1, indicating that the phase velocity is larger than
c. The meaning of this branch of the dispersion relation is clear if one remembers
that we did neglect the sign when solving the dispersion relation ǫ1 γ2 + ǫ2 γ1 = 0.
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As ω becomes larger than ω p , the sign of the dielectric constant changes. In this
range of frequency, the Eq. (4.18) is simply the solution of ǫ1 γ2 − ǫ2 γ1 = 0 or, in
other words, the zero of the reflection factor known as the Brewster angle.

Surface Wave on a Lossy Drude Metal. Is it a Surface Plasmon?
In this section, we do not neglect losses. From Eq. (4.18), it is seen that for a real
value of the frequency ω, we find a complex value of the wavevector. Alternatively,
it is possible to search for a solution of the equation with complex ω and real α. Both
possibilities are equally valid. When plotting the real part of ω as a function of the real
part of α, we find different dispersion relations as illustrated in Fig. 4.5 depending
on the choice. This raises the question of the interpretation of the physical content
of each dispersion relation. We shall come back to this subtle issue in Chap. 9.
We now compare the case of low frequencies with the case of optical frequencies. The question that is raised here is the nature of the surface wave for different
frequencies. We start by analysing the Drude model in the low- and high-frequency
regimes. It is easily seen that we can approximate the dielectric constant by:
ω ≫ γ(ω), ǫ(ω) ≈ 1 −

ω 2p

ω2
ω 2p
iσ
,
ω ≪ γ(ω), ǫ(ω) ≈ 1 + i
=1+
ωγ
ωǫ0

(4.28)

where σ = ne2 /mγ is the DC conductivity. This form is enlightening as it shows
that the optical properties of the metal are dominated by the plasmon response in the
optical regime, whereas such properties are dominated by the drag force in the lowfrequency regime. In the former case, the dielectric constant is almost a negative real
number, whereas in the latter case, it is almost a pure imaginary number. It follows
that the plasmonic (oscillatory) character of the surface wave is only meaningful in
the regime ω ≫ γ. Indeed, if we rewrite the equations of motion of the electrons
including the friction term as in Eq. (4.2), we find:
− ω 2 x = iωγx −

ne2
x.
mǫ0

(4.29)

For large frequencies or small frequencies, we have different approximate expressions:
ne2
x =0
mǫ0
ne2
x = 0.
ω ≪ γ(ω), − iωγx +
mǫ0
ω ≫ γ(ω), − ω 2 x +
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(4.30)

It is clearly seen that the oscillation regime, which is the essence of a plasmon,
corresponds only to the case ω ≫ γ. Instead, for small frequencies, the electronic
response of the medium is dominated by the viscous term. Since the typical value of
γ is 1014 Hz, we note that a surface wave is hardly a surface plasmon for frequencies
in the IR or smaller. On the other hand, the plasmonic behaviour (i.e. oscillatory
behaviour) dominates the metal response in the case of femtosecond pulses. In summary, whereas from a macroscopic point of view, there is only one well-defined
surface wave for any frequency, it turns out that from a microscopic point of view,
the underlying behaviour of the electrons is very different in the low- and largefrequency regimes. Beyond this remark on semantics, this distinction is important as
the detailed form of the dispersion relation is different for low frequencies and large
frequencies as we examine in more detail below.

Dispersion Relation of Surface Waves
in the Radio-Frequency Range
Let us analyse in more detail the nature of the surface waves propagating along
a conductive surface at low frequencies. We can give a more explicit form of the
dispersion relation (4.18) in this regime. At radiofrequencies, the dielectric constant
iσ
iσ
≈ ωǫ
so that the modulus of the
of a metal can be cast in the form: ǫ = 1 + ωǫ
0
0
dielectric constant is much larger than 1. A Taylor expansion of the wavevector of
the surface wave can thus be written in the form:
kS P

ω
=
c



1
1+

1
ǫ

1/2

≈

ω
iωǫ0
1+
c
2σ

.

(4.31)

It is seen that in the limit of the perfect conductor, σ becomes infinite so that the
wavevector becomes k = ω/c. This entails that the wave is almost not confined close
to the interface. Here, we recover the concept of surface wave used in the context of
radio waves propagating along perfectly conducting wires or impinging on perfectly
conducting structures. Note in particular that in this limit, there is no more damping
as the wavevector becomes real. Let us now check that (4.31) is a valid solution of
the equation ǫ1 γ2 + ǫ2 γ1 . In the radio regime, the analysis is very different from
the case of the surface plasmon in the optical regime. We consider the case of an
interface separating a metal (medium 2) from a vacuum (medium 1) and we use the
notation ǫ = |ǫ| exp(iφǫ ).
ω
ω 1/2
[ǫ] ≈ |ǫ|1/2 exp(iφǫ /2)
c
c
 1/2
 
ω 1
ω 1 1/2
γ1 ≈
≈−
exp(−iφǫ /2).
c ǫ
c |ǫ|

γ2 ≈
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(4.32)

The choice of determination of the square root is imposed by the condition I m(γ) > 0
so that we had to include a sign minus for γ1 . It clearly appears then that the condition
ǫγ1 + γ2 = 0 is satisfied.
To summarize, inserting the Drude model in the dispersion relation of a surface
wave yields two limits: the surface plasmon for ω > γ(ω) and the surface wave with
k = ω/c for ω << γ. The latter is the so-called Sommerfeld or Zenneck mode. Note
that when dealing with THz waves, the nature of the wave is closer to a radio surface
wave than to a surface plasmon.

4.5.3 Electrostatic Limit
In this section, we extend the previous discussion to the non-retarded limit. Let
us consider a dipole source oscillating at a frequency ω = 2πc/λ at a distance
d above the interface such that d ≪ λ. As the distance is much smaller than the
wavelength, the interaction between the source and the interface can be described
within the electrostatic approximation. Here, we mean that the spatial structure of the
field in the near-field of a small object can be computed by solving an electrostatic
problem. To justify this statement, it suffices to examine the structure of the field
radiated by an oscillating dipole. It is clearly seen that the leading terms are the
terms varying as 1/r 3 . These terms yield a time-dependent electric field, which
has the spatial structure of the field produced by an electrostatic dipole. In other
words, the short distance approximation of the Green tensor is the electrostatic Green
tensor. It follows that the interface can be modelled by introducing an image charge.
The standard electrostatic formalism [16] allows one to introduce an electrostatic
(see next section),
reflection factor given by ǫ−1
ǫ+1 . Using a non-lossy Drude model
√
this yields a resonance for ǫ + 1 = 0 and hence for ω = ω p / 2 in agreement with
the qualitative argument given in the first section. This frequency can also be derived
by searching a mode of Laplace equation for the scalar potential for a system with
one interface separating two homogeneous media [8].

4.6 Surface Phonon Polaritons
4.6.1 Lorentz Model
In the case of a metal and a frequency in the range [γ, ω p ], we have seen that the
dielectric constant is negative. In this regime, the surface wave has the character of a
surface plasmon. There are other situations such that the dielectric constant becomes
negative. In agreement with the Kramers–Kronig relations, they always correspond
to frequencies close to resonant excitation of the medium. In the infrared, crystals
can absorb light due to the coupling to the optical phonons. There is a frequency
range called reststrahlen band where the dielectric constant is negative. A simple
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Fig. 4.6 Dispersion relation of a surface phonon
polariton propagating along a
GaAs/vacuum interface with
dielectric constant given by
a non-lossy Lorentz model
ω 2 −ω 2

ǫ(ω) = ǫ∞ ω2L −ω2 . The
T

wavevector axis has been
normalized by ω L /c and
the frequency axis by ω L .
ω L = 292.1 cm−1 , ωT =
267.8 cm−1 , ǫ∞ = 11

model allows to show that the dielectric constant can be cast in the form:
ǫ(ω) = ǫ∞

ω 2L − ω 2 − iΓ ω

ωT2 − ω 2 − iΓ ω

(4.33)

where ω L is the longitudinal frequency and ωT is the transverse optical frequency.
These frequencies are due to the presence of optical phonons. Like for electrons, a
longitudinal solution exists at ω L . It corresponds to a charge density wave. Here, it
is a polarization charge density. A detailed discussion can be found in the books by
Ziman [13] or Ashcroft and Mermin [12] for example.
There are some differences with the plasmon case. The dielectric constant is
negative only in the range [ωT , ω L ]. This range corresponds to a wavelength range
of the order of 1 µm typically. The central frequency is typically between 10 and
40 µm. Hence, the surface phonon polariton can exist only in the mid-infrared or
near THz. A very important similarity of the surface phonon polariton with the
surface plasmon is the existence of a horizontal asymptote in the dispersion relation.
This indicates the presence of a peak in the local density of states close to the interface
as will be discussed later [31, 32]. Figure 4.6 is an example of a dispersion relation
of a surface phonon polariton. It corresponds to the case of a wave propagating at
the interface between GaAs and a vacuum.

4.7 A Potpourri of Surfaces Waves: Sommerfeld or Zenneck
Modes, Quasicylindrical or Lateral Wave
In the previous sections, we have introduced the surface waves as solutions of
Maxwell equations in the presence of interfaces. We have seen that there are several
cases where a solution can be found for both s- and p-polarizations. Surface waves
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often receive different names depending on the frequency range (visible, radio waves)
or type of waves (electromagnetics, seismology, acoustics). It turns out that the topic
of surface waves is much broader than the topic of surface plasmons. Electromagnetic surface waves have been studied in the context of radiowave propagation well
before surface plasmons were discovered. Surface waves have also been studied in
different contexts. The purpose of this section is not to give a detailed discussion,
but instead to introduce the terminology and to serve as a lecture guide.

4.7.1 Historical Perspective
The concept of surface wave has been introduced by Zenneck at the begining of
the nineteenth century. His motivation was to identify the mechanism of long-range
propagation of radio waves. The basic idea was that a surface wave decays as 1/r
instead of 1/r 2 in 3D. It finally turned out that the correct explanation is the presence
of the ionosphere so that the space between the earth and the ionosphere acts as a
waveguide. The concept of surface wave was further studied by Sommerfeld when
he derived a rigorous solution of the field generated by a dipole above a flat interface
separating two homogeneous media. In Sommerfeld’s derivation, the surface mode
is defined as the contribution of the pole of the reflection factor to the field produced
by a dipole above an interface. This definition agrees with our remark on the previous
section linking the surface wave with the pole of the reflection factor. This surface
wave is often named after Zenneck or Sommerfeld. The much debated existence of
a surface wave in the radio literature is due to the fact that the field has a complex
structure. It should be stressed that there is perfect consensus on the integral form of
the field radiated by a dipole above an interface. Yet, such an integral is not useful for
practical applications. Several authors have therefore derived approximate analytical
expressions valid in different cases. It is only when it comes to the interpretation of the
different contributions that there is a debate. The reader will find a detailed account
of these works in the books by Brekhovskikh [1], Banos [2], Felsen [3], King [4] and
a recent review paper by Collin [34]. To make a long story short, let us summarize
the situation as follows. The field radiated by a dipole can be decomposed into a
sum of plane waves. In the presence of an interface, each plane wave is transmitted
and reflected. The total field is hence the field radiated by the source plus a sum of
plane waves weighted by the corresponding Fresnel factors. When performing the
integral over all reflected plane waves, one can extract the pole contribution due to
the pole of the reflection factors. This contribution yields the surface waves. There
is a second contribution that appears when using analytical techniques to evaluate
asymptotically the integral in the complex plane: it is the contribution along the
branch cuts in the complex plane. We give a very brief account of this wave in the
following section.
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Fig. 4.7 Illustration of the lateral wave. The wave propagates from the source to the interface at
the critical angle. After refraction, it propagates along the interface as a plane wave and reenters
the medium continuously. This contribution becomes dominant when the medium is lossy so that
direct propagation in the medium is rapidly damped

Lateral Wave
The second noteworthy contribution is called lateral wave in the radiowave and
seismology community. It has been investigated only recently [35] in the optics
community and was called quasicylindrical wave [36, 38] or Norton wave [39]. An
extensive discussion of this wave in the context of propagation of radio waves along
the earth was written by King [4]. In this section, we briefly describe a physical picture
of the origin of the lateral wave. Let us consider a source located at z = −d in a
material medium with refractive index n. The lateral wave is the wave corresponding
to propagation from the source to the interface at the critical angle followed by a
refraction at the interface and propagation by a plane wave parallel to the interface
in the medium z > 0 (see Fig. 4.7). When the medium at z < 0 is absorbing and the
medium z > 0 is not absorbing, this is the most efficient mechanism for propagation
over large distances as most of the energy is in the nonabsorbing medium. When
excited by a line, this two-dimensional wave decays as 1/L 3/2 where L is the distance
of propagation along the interface. Instead, the surface wave has an exponential decay.
The lateral wave is very well known in seismology. An excellent account of surface
waves in elastic media can be found in the textbook by Aki and Richards [40]. In the
context of radiowaves, it has received a lot of attention in the 1960s and 1970s. The
reader will find a detailed account in the works quoted above [1–4, 34]. Of particular
interest in optics are Refs. [35, 36, 38, 39] where it has been shown that these waves
cannot be neglected in many cases when studying propagation and scattering along
metallic surfaces including the resonant transmission phenomenon [37].
In what follows, we focus on key properties of surface plasmons related to (i) the
local density of states, (ii) the spatial confinment and (iii) the fast temporal response.
Regarding these three aspects, surface plasmons are very different from lateral waves.
These properties are intimately linked to the underlying electronic character of the
surface plasmon polariton.

22

4.8 Key Properties of SPP
Plasmonics has become a very active area of research due the large number of
applications. However, all these applications rely on a small number of key properties. The purpose of this chapter is to discuss these key properties of surface plasmons
in simple and general terms. We will first analyse the importance of having a dispersion relation with very large wavevectors. We will discuss the implications in terms
of field confinment and the implications in terms of local density of states. Finally,
we will discuss the spectral width of surface plasmon excitation and its significance
in terms of ultrafast response.

4.8.1 Confinment of the Field
A large number of applications of surface plasmons rely on the possibility of producing highly confined fields and/or to produce or observe light at a length scale
smaller than the wavelength in a vacuum. The purpose of this section is to review
the basic properties of surface plasmons underlying these applications. Let us first
consider the case of surface plasmons propagating along flat interfaces. It is necessary to distinguish between confinment of the field along the normal of the interface
and confinment in the plane of the interface. We have already given some orders
of magnitude of the field confinment away from the interface in Table 4.1. We now
discuss the potential of surface waves for in-plane confinment.

Lateral Confinment
The losses introduce a limitation to the extent of the surface waves along the interface. The decay length is given by 1/I m(kSP ). This value depends significantly
on the losses of the material. A typical order of magnitude for noble metals and
visible frequencies is a few micrometers. We note that this length is considerably
reduced for frequencies close to the asymptote of the dispersion relation. The main
reason is connected to our previous discussion. A photon-like surface plasmon is
poorly localized close to the interface and has most of its energy in the dielectric
above the metal where there are no losses. By contrast, a plasmon-like surface plasmon has a large part of its energy in the metal so that it is very sensitive to the
losses. It is a general rule that modes with most of the field energy in the dielectric
have a longer propagation length. In practice, another mechanism can reduce the
propagation length. It is due to radiative leakage of energy (often called radiative
losses) due either to scattering by random roughness or by diffraction by a periodic
structure such as a grating.
We have discussed the larger length scale of a surface plasmon along the interface.
We now address the issue of the smallest length scale. Let us remind what is the
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origin of the confinment limit in a vacuum when dealing with a monochromatic field
at frequency ω. Due to the dispersion relation in a vacuum, the wavector modulus
is given by k = ω/c. Let us assume that we consider an electromagnetic field in
the vacuum far from any boundary. The field can then be decomposed into a sum of
planes waves with real wavectors. A property of Fourier transform gives ∆x∆α ≥ 2π
where α is the x-component of the wavector. If we deal with a field in a vacuum far
from any surface or object, the modulus of the wavevector is given by ω/c so that the
smallest possible size of the field along the x-axis is given by 2π/αmax = λ. Hence,
the field cannot vary rapidly as it would, close to a tip for example.
By contrast, it was seen in Fig. 4.5b that the maximum wavector given by the
plasmon dispersion relation may be much larger than ω/c. This seems to pave the
way to a strong confinment of the field. There have been some attempts to take
advantage of this strong localization of the field. It has been proposed by Pendry
that this property can be used to realize a superlens [41] with a simple thin film
supporting surface plasmons. The experimental implementation has been reported
by two groups in the visible using silver [42] and in the infrared using SiC [43].
Another proposal for superresolution based on the use of surface plasmons was put
forward in Ref. [44]. The key idea was to take advantage of the large wavevectors
that are seen on the dispersion relation (with the choice of a real wavevector and a
complex frequency). A debate followed that proposal [45, 46]. However, in practice,
it is not possible to fully take advantage of this property of surface plasmons because
losses play an important role. We shall show in Sect. 4.9 that the relevant dispersion
relation that must be used for discussing confinment of the field is the dispersion
relation shown in Fig. 4.5a. It is seen that the wavector modulus is limited due to
the so-called backbending of the dispersion relation. This entails that the surface
plasmons always have an intrinsic limitation in terms of resolution. This is a rather
severe limitation as in many cases, the maximum value of the wavector is hardly larger
than 2ω/c. Let us stress that so far, the resolution obtained in different experimental
results [42, 43] appears to be indeed limited by the losses.
However, surface plasmons are often used to produce highly localized spots that
go well beyond these limitations. In all the practical examples, the origin of the
localization of the fields lies in the spatial structure of the material. In most cases,
one uses nanometric particles or nanostructures such as nanowires, nanoholes or indentations in a metallic substrate. Examples include the first implementation of nearfield optical microscopes [47, 48], the strong confinment obtained using nanoholes
[49] and the use of tips as nanosources [50, 51]. One might then ask what is the
role of plasmons in that case? A simple answer can be obtained by analysing the
fields produced by a subwavelength spherical particle of dielectric constant ǫ and
radius a (see the chapter by J. Aizpurua). If a ≪ λ, the non-retarded approximation
is valid so that the spatial structure of the field can be found using an electrostatic
approximation. The scattered field is given by the field of a dipole for a distance
r > a. The field decays as 1/r 3 for r > a so that the confinment is only limited by
a. This confinment is due to the geometry and not to the plasmon, it is independent
of the material properties. Yet, the amplitude of the field depends on the material
properties at the particular frequency considered. For instance, when dealing with a
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spherical nanoparticle with radius a, its polarizability α p can be written as:
α p = 4πa 3

ǫ(ω) − 1
.
ǫ(ω) + 2

(4.34)

In the previous equation, it is clearly seen that the only limitation to the confinment
is the fact that the amplitude of the dipole tends to zero with a. However, if the
frequency is such that ǫ(ω) + 2 is almost zero, a resonance is excited as it will be
discussed in more detail
√ in Sect. 4.8.3. Within the Drude model, this condition is
satisfied for ω = ω p / 3. Thus, it is seen that a surface plasmon resonance of a
particle is useful for light confinment indirectly: its role is to compensate for the
small value of the dipole moment of a small object.
In the above example, we have seen that the form of the electric field close to a
particle can be factorized in two terms. The dependence on space variables is the
electrostatic form of the dipolar field, the frequency dependence is given by the
polarizability. Only the latter has a resonant behaviour which is the signature of
the plasmon resonance.
This concept of confinment by geometry coupled to resonance enhancement has
been put forward by Li, Stockman and Bergman who proposed to use a chain of
nanoparticles to realize an efficient nanolens [52].
Finally, we mention another possibility for confining the field. Metal/dielectric/
metal (MDM) structures can support surface modes which are plasmonic even if the
dielectric is only a few nanometers thick so that these modes are highly localized in
the gap [53]. Remarkable guiding properties have been demonstrated using channel
surface polaritons which essentially rely on this type of structure [54]. Other applications of the confinment in MDM structures include applications for light emission
in the weak coupling regime [55] and achieving strong light-matter coupling [56].
These are intimately related to the concept of local density of states that we now
introduce.

4.8.2 Surface Plasmons Contribution to the Local Density
of States
The lifetime of an atom can typically be reduced by orders of magnitude when it
is located close to an interface. This has been first demonstrated experimentally by
Drexhage [57]. Excellent discussions can be found in Refs. [17, 58, 59]. Similarly,
the electromagnetic energy density at thermodynamic equilibrium can be increased
by orders of magnitude close to an interface [31, 60]. Both phenomena depend on the
density of electromagnetic states. The changes by orders of magnitude are the clear
signature of a change of the physical phenomena that determine the local density of
states. In both cases, the contribution of surface waves plays a key role. The purpose
of this section is to briefly review the concept of Local Density Of States (LDOS)
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and to show how the surface waves may drastically modify it. We will briefly discuss
applications to light emission assisted by surface waves. We will also show that the
influence of surface plasmons on the LDOS plays a key role in the Casimir force, a
pure quantum electrodynamics phenomenon.

Elementary Introduction to the Density
of Electromagnetic States
Before starting the discussion, we make a remark on semantics regarding the meaning
of state, mode and eigenfunction. The word “state” is usually used in the context
of quantum mechanics or statistical physics, whereas the word “mode” is often
used in the context of wave theory. Both words deal with eigenfunctions of linear
operators so that the terms are often interchanged. The term density of states is
used for g(ω) such that g(ω)dω is the number of states (modes) with frequency
in the interval [ω, ω + dω]. To begin, we briefly remind how to derive the density
of electromagnetic states or, in other words, how to count the number of different
solutions (plane waves) of Maxwell equations in a vacuum. We will then analyse how
the presence of surface waves modifies the situation. It is useful to introduce a virtual
cubic box of size L and to look for fields satisfying periodic boundary conditions.
Indeed, this allows one to discretize the solutions and therefore to count them. From
the periodic boundary condition, it follows that the wavevector components are of the
form α = n2π/L , β = m2π/L , γ = l2π/L where n, m, l are integers. In k-space,
the volume occupied by a state is therefore (2π/L)3 so that the number of states in
the volume element dαdβdγ is 2L 3 dαdβdγ/(2π)3 where the factor 2 accounts for
the two possible polarizations of each state. The density of states in k-space per unit
volume is thus given by 1/4π 3 . We can now easily find the number of states with
a given frequency ω = ck. They occupy the volume 4πk 2 dk in k-space. Using the
dispersion relation k = ω/c, we find the number of states per unit volume in the
range ω, ω + dω:
ω2
(4.35)
gv (ω)dω = 2 3 dω,
π c
where we have introduced the density of states per unit volume gv (ω) in a vacuum.
We now illustrate the importance of this concept using three examples. Let us first
count how many states N (ω) are available between 0 and ω in a volume V:

N (ω) = V

ω

gv (ω ′ )dω ′ = V

8π V
ω3
=
.
2
3
3π c
3 λ3

(4.36)

0

The simple rule to remember is that the number of states with frequency smaller
than ω is roughly given by the volume divided by (λ/2)3 . The second example
is the form of the energy of the blackbody radiation. Each mode has a quantum
of energy ω and the mean excitation number is given by Bose–Einstein statistics

26

n B E (ω) = 1/[exp(ω/k B T ) − 1]. The product of these two terms by the density of
states yields the Blackbody density of energy at temperature T :
u(ω, T ) =

1
ω 3
.
2
3
π c exp(ω/k B T ) − 1

(4.37)

We now show how the local density of states plays a key role in the lifetime of a
two-level system. From the Fermi golden rule, it is known that the lifetime is proportional to the number of final states. When studying the rate of radiative relaxation,
the radiative decay rate is therefore proportional to the number of electromagnetic
states at the corresponding frequency. This can be seen by comparing the stimulated
and spontaneous emission rates given by the Einstein coefficients. Their ratio is
given by:
ω2
A21
(4.38)
= 2 3,
B21 ω
π c
which is nothing but the vacuum density of states. For stimulated emission, only the
mode of the incident photon has to be considered, whereas for spontaneous emission,
one has to sum over all possible electromagnetic states. Hence, the spontaneous
emission coefficient is proportional to the LDOS. Let us finally point out a slight
difference in the definition of local density of states depending on the application:
evaluating the equilibrium energy or evaluating spontaneous emission. A two-level
system that is coupled to the electromagnetic field through an electric dipole moment
can couple only to the component of the electric field parallel to the electric dipole.
The relevant form of the local density of states is thus called projected-LDOS as only
one component of the field matters. In a vacuum, this is simply a factor 3 difference
as the field is isotropic. In more complex situations, the LDOS can be different for
different polarizations. It is well known for instance that the lifetime of a molecule
close to an interface depends on the orientation of its dipole moment.
To summarize, the concept of density of states plays a key role when looking at
the radiative decay of a two-level system and when looking at the thermodynamic
properties of electromagnetic radiation. In what follows, we shall analyse how the
presence of surface plasmons drastically modifies the density of states. We will give
a hint of the physical reason behind this phenomenon and derive from it an upper
limit of the number of states.

Electron and Phonon Density of States
We have pointed out that surface plasmons are polaritons. In other words, they are
half photons, half electrons. Since electrons are also described by waves, the same
technique can be used to analyse the density of states. The density of states in k-space
is also given by 1/4π 3 for electrons. Here, we have accounted for the degeneracy
due to the spin 1/2 of the electron. The total number of states in a crystal of volume
V with N atoms is given by 2N for a s band. Similarly, the total number of phonon
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states is given by 3N because this is simply the total number of degrees of freedom
of the atoms. Hence, the number of states per unit volume is roughly N /V , which
is the inverse of the volume a 3 of a unit cell of the crystal. If we now compare the
number of states available for light in a vacuum ((2/λ)3 ≈ 10−19m−3 ) and for
condensed matter excitations (1/a 3 ≈ 10−30m−3 ), we find a difference of 11 orders
of magnitude.
This crude estimate shows what is the key to the efficiency of plasmons or optical
phonons in increasing the energy density or in reducing the lifetime of quantum
emitters. The density of states of polaritons benefits from the large number of states
of condensed matter excitations (electrons or phonons). However, many of these
modes do not contribute to surface waves. A better estimate of the number of surface
plasmons can be obtained by working with the dispersion relation and introducing a
cut-off at ω/v F as we will discuss below.

Increasing the Density of States: Surface Waves, Slow Light
and Microcavities
Let us make a pause in the discussion of surface wave density of states and make a
comment regarding the increased density of states in a waveguide with slow velocity.
It is known that slow velocity systems can be used to increase the density of states.
The mechanism is depicted in Fig. 4.8. As the dispersion relation becomes flat close
to the band edge, the number of states (represented by dots) with a frequency in the
interval ∆ω increases. This behaviour is known as van Hove singularity. A major
advantage of photonic crystals is that there are almost no losses in dielectric media.
Since the density of states diverges (the group velocity becomes zero), these systems
seem to be the perfect solution to engineer the optical properties of quantum emitters.
Yet, it is important to emphasize that the number of states available when using a
waveguide is always finite. A plasmonic system can provide a local density of states
which is orders of magnitude larger than what can be achieved with a slow waveguide.
In order to understand this apparent paradox, let us first remind about the derivation of
the density of states for a one-dimensional system. We consider a waveguide branch
characterized by a dispersion relation k z (ω) for a mode propagating along the z-axis
in a periodic waveguide with period a. In order to count the number of modes, we
again consider that the system has a finite length L and we introduce the so-called
Born von Karman (or periodic) boundary conditions stipulating that the system is
periodic with period L along z. It follows that k z = p 2π/L. The number of modes
in the interval dω corresponding to an interval dk z is given by
g(ω)dω =

L
L dk z
dk z =
dω.
2π
2π dω

(4.39)

It is seen that the density of states diverges as the group velocity goes to zero. However,
one should keep in mind that this divergence is integrable so that the number of states
in a finite interval [ω1 , ω2 ] always remains finite.
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Fig. 4.8 Increasing the density of states. States are characterized by k and ω. They correspond to a
point located on the dispersion relation. In k-space, the density of states per unit length is constant
and takes the value 1/2π. a shows that in ω space, the density of states increases close to the gap
edge, b shows that the increase close to the asymptote is considerably larger as the asymptote is not
limited along the k-axis

This is clearly seen in Fig. 4.8 where we represent schematically the dispersion
relation of a guided wave close to a band edge and the dispersion relation of a surface
plasmon. It is seen that the modes are simply redistributed close to the band edge so
that this only concerns a finite number of modes although mathematically the density
of states diverges. An upper value of the number of modes involved is clearly the
size of the Brillouin zone 2π/a divided by the interval between two modes 2π/L.
We find L/a. The period of a photonic crystal is of the order of the wavelength so
that we obtain an estimate of an upper bound of the number of modes in a photonic
crystal given by L/λ. This is orders of magnitude less than the number of modes
available with surface waves at resonance.
We now discuss briefly another possibility for increasing the density of states
originally proposed by Purcell. The idea is to use a cavity with a single mode. The
number of states per unit volume is thus 1/V where V is the cavity volume. Taking
into account the finite value of the quality factor of the cavity, we obtain for a
Lorentzian resonance a density of states:
g(ω) =

1
1 γ
.
V 2π (ω − ω0 )2 + γ 2 /4

(4.40)

At resonance, the density of states is thus given by:
g(ω0 ) =
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2
.
πV γ

(4.41)

The Purcell factor is the local density of states in the cavity normalized by the density
of states in a vacuum1 :
Fp =

2 3π 2 c3
3
λ3
=
Q ,
2
2
πV γ ω
4π
V

(4.42)

where Q = ω0 /γ. This derivation is based on a poorly defined volume. A more
accurate description should account for the polarization of the mode field as well as
its space dependence. Indeed, the field in a cavity is not uniform so that the coupling
between a mode and an emitter will strongly depend on the exact location of the
emitter. A more detailed analysis can be found in Refs. [66–68].

Local Density of States Due to Surface Waves
We first start the discussion of the role of surface waves on the local density of states
with a qualitative discussion based on the dispersion relation. We then present a
more quantitative analysis. It is seen in Fig. 4.8 that the number of states provided
by a surface plasmon at resonance is infinite as the dispersion relation seems flat and
unbounded. This is not correct and is a consequence of the model of the dielectric
constant that does not account for the non-locality. A non-local dielectric
constant
√
introduces a cut-off [17] in the dispersion relation given by v F ω S P / 2 where v F is
the Fermi velocity as already discussed. We can now easily compare the density of
states due to surface plasmons to the vacuum density of states. A rough estimate of
the number of surface plasmons per unit area is given by dividing the area of a disk
with a radius πk S2 P,max by the area per state 1/4π 2 :
πk S2 P,max
4π 2

≈

ω 2S P
4πv 2F

,

(4.43)

which is clearly much larger than what we found for dielectrics where the order of
magnitude is 1/λ2 ≈ ω 2 /c2 . We remind that c/v F is typically on the order of 300.
We now turn to a quantitative analysis of the local density of states due to surface
waves. An explicit form can be derived from the imaginary part of the Green tensor.
The reader will find a detailed analysis in Ref. [32]. Of particular interest is the
asymptotic expression of the local density of states at a distance z from the interface
such that z ≪ λ.
1
I m[ǫ]
g(z, ω)
,
(4.44)
=
gv (ω)
|ǫ + 1|2 4(k0 z)3
where gv (ω) stands for the vacuum density of states. The surface plasmon resonant
contribution is clearly given by the term 1/|ǫ + 1|2 . Figure 4.9 illustrates the contri1

In the context of Fermi golden rule, a factor 1/3 is introduced in order to account for the fact that
a given dipole can couple to only one component of the electric field.
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Fig. 4.9 Local density of
states at a distance of 10 nm
above an interface separating
a vacuum from gold or GaAs

bution of this term to the LDOS at a distance of 10 nm of a gold surface and a GaAs
surface.
In both cases, the presence of the surface wave results in a peak in the LDOS.
It clearly appears that the role of the surface phonon polariton is orders of magnitude
more important than the surface plasmon.

Local Density of States and Energy Transfer at Nanoscale
Another remarkable consequence of the increase of the density of states due to surface waves is the increase of energy density at equilibrium. Since the modes are
thermally excited at equilibrium, there is a large energy density close to the interface. Figure 4.10 illustrates the evolution of the energy spectral density at different
distances from an interface separating SiC from a vacuum. Two features appear
clearly in this figure: (i) the energy density normalized by the energy density of a
blackbody is increased by several orders of magnitude and (ii) the spectrum becomes
quasimonochromatic. The existence of surface waves thermally excited has been observed experimentally by de Wilde et al. [61] who were able to obtain near-field
images of samples without external illumination. We note that in the near-field, the
spectrum becomes quasimonochromatic indicating that the field is partially temporally coherent. The coherence time is essentially the decay time of the surface phonon
polariton as discussed in Refs. [31, 33].
As a consequence of this increase of energy density close to the interface, the heat
transfer between two half-spaces separated by a distance smaller than the wavelength
increases. This heat transfer mechanism can be viewed as mediated by the surface
phonon polaritons. Since the number of surface waves increases dramatically at small
distance, the heat flux through a vacuum gap can be enhanced by orders of magnitude.
This effect due to surface waves was predicted in Refs. [62, 63] and measured recently
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Fig. 4.10 Electromagnetic
energy density at equilibrium
at 300 K as a function of
distance from an interface
vacuum/SiC. The energy
density is normalized by the
maximum blackbody value at
300 K
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[64, 60]. The heat transfer through the gap due to this surface phonon interaction
can be viewed as a phonon tunelling phenomenon. It can also be described in a form
similar to the Landauer conductance. It has been shown recently [65] that each mode
characterized by (α, β, ω) yields a contribution to the radiative heat conductance
proportional to the thermal quantum of conductance π 2 k 2B T /3h and a transmission
factor where k B is Boltzmann’s constant and h is Planck’s constant.

Local Density of States and Light Emission Assisted
by Surface Waves
In the introduction of this section, we have cited the pioneering experiment by
Drexhage showing that the lifetime of an emitter can be drastically reduced close to an
interface. When the distance is below 5 nm, the energy goes into heat in the substrate
and surface plasmons do not provide a significant contribution to this mechanism.
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However, if the distance is larger than approximately 10 nm, most of the energy goes
into the surface plasmon for appropriate frequencies. In the case of a flat surface,
this energy is then converted into heat. However, if e.g. a grating is ruled on the
surface, the energy can be radiated. In that case, the surface works as an antenna:
the energy of the source is efficiently coupled into the surface (due to the large
LDOS) and then efficiently radiated by the surface (due to the grating). This idea
has been put forward in the context of light-emitting diodes [69, 70]. The influence
of the surface plasmon resonance on the single molecule fluorescence assisted by a
resonant particle has been investigated theoretically [71, 72]. Quantum wells’ light
emission assisted by surface plasmons has been demonstrated more recently [73].
A remarkable demonstration of optical nanoantennas at the level of a single emitter
has been reported using metallic nanospheres. An emitter located at a distance of the
order of 10 nm excites efficiently the surface plasmon of the particle. By properly
choosing the radius of the particle, it is possible to increase the ratio of power emitted
versus the power absorbed in the particle so that the nanosphere becomes an efficient
nanoantenna. Two experiments have clearly demonstrated how metallic nanospheres
can be used as efficient nanoantennas to increase molecules’ fluorescence [74, 75].
More recently, several metallic structures have been proposed as antennas to control
the angular emission and also increase the emission rate [55, 76, 77].

Local Density of States and Casimir Force
Another consequence of the contribution of surface plasmon to the LDOS is the
Casimir force between two metallic parallel plates. Casimir force is a pure quantum
electrodynamics effect that manifests itself at macroscopic scale. Casimir predicted
[78] that there is an attractive force between two parallel perfectly conducting surfaces
at 0 K separated by a gap of width d. Since then, his remarkable prediction has been
measured experimentally with great accuracy [79–81]. However, when comparing
the measurements with the data, the assumption of a perfect conducor cannot be used
any longer [82]. A careful analysis shows that the surface plasmons are responsible
for the forces actually observed [83–85]. We give here a brief qualitative discussion
of this effect. We refer the reader to references [83] for a further discussion. The gap
behaves as a waveguide with a set of modes. From the quantum electrodynamics point
of view, each mode (k, ω) has a zero point energy at 0 K given by ω. It follows that
the total energy is given by n ωn where the sum is over all modes of the gap. Since
the number of modes in the gap decreases when the width d decreases, the energy
also decreases. Hence, the electromagnetic energy plays the role of an attractive
potential. In the original derivation of Casimir, modes of a planar waveguide with
perfectly conducting surfaces were used. When accounting properly for the optical
properties of metals, it turns out that the density of states is dominated by the surface
plasmon contribution.
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4.8.3 Broad Spectrum and Fast Response
When comparing plasmonic resonators with dielectric resonators, the presence of
losses in the metal is often put forward. The quality factor of the resonator depends
on the dielectric constant of the material. To illustrate this idea, we consider the
polarizability of a small sphere. Close to the sphere resonance, we can expand the
dielectric constant. We use the notation ǫ(ω) = ǫ R (ω) + iǫ I (ω) and assume that
ǫ R (ω0 ) = −2.
dǫ R
(ω − ω0 ) + iǫ I (ω0 )
dω
dǫ R
[ω − ω0 + iΓ ],
dω ω0

ǫ(ω) ≈ ǫ R (ω0 ) +
≈ −2 +

(4.45)

where Γ = ǫ I (ω0 )/[dǫ R /dω]. The polarizability can be approximated by a
Lorentzian profile:
α(ω) = 4πa 3

ǫ(ω) − 1
12πa 3 1 − iǫ I (ω0 )/3
≈
dǫ R
ǫ(ω) + 2
ω0 − ω − iΓ

(4.46)

dω

We have already seen that metallic losses in the optical frequency regime are due
to electron–electron interaction and to electron–phonon interaction. These processes
have a low dependence on temperature so that they cannot be suppressed. Hence,
these losses are a specific property of a plasmonic resonator. They result in two
properties of surface plasmons. The quality factor of the resonance depends on the
imaginary part of the dielectric constant at the resonance frequency. A typical quality
factor for plasmons is between 10 and 100. Accordingly, the relaxation time of the
system in the visible is of the order of a few femtoseconds. A small quality factor can
be viewed as a drawback in terms of Purcell effect for instance. On the other hand,
a resonator with a large bandwidth can be very interesting. In particular, it allows
one to perform a coherent control of pulses on extremely short time scales. This
particular property is the basis of a large number of recent contributions [86, 87].
Another important application is the possibility of designing a nanoantenna with a
broad bandwidth [55].
Finally, we should emphasize that the relaxation time of a plasmonic resonance
does also depend on the geometry of the structure. To illustrate this idea, we discuss
the example of the so-called long-range and short-range surface plasmons on symmetric thin metallic films in a dielectric first investigated by Sarid [88]. In order to
understand why the geometry influences the relaxation time of a plasmonic mode,
it is sufficient to realize that the field of the long-range surface plasmon energy is
mostly in the non-lossy dielectric, whereas the short-range surface plasmon is more
confined in the metal where losses take place. This has also been widely discussed in
the context of shell structures [89]. In both cases, the coupling between two modes
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depends on the thickness of the metal film and allows to control the resonance frequencies.

4.9 Surface Plasmon Polaritons on Lossy Materials
As already mentionned, the dispersion relation given by (4.18) cannot be solved by
using a real frequency and a real wavevector when the dielectric constant is complex.
Yet, a solution can be found when using either a complex α and a real ω or vice
versa. These two choices lead to different shapes of the dispersion relation as seen in
Fig. 4.5. One dispersion relation has an asymptote for very large values of α, while
the other has limited values of α and presents a backbending. We have discussed
the key properties of surface plasmon with emphasis on the lateral confinment (e.g.
necessary for a super lens) and on the large LDOS (e.g. necessary for nanoantennas).
Since the existence of a horizontal asymptote plays a key role both for the transverse
confinment of the field (large k values of surface plasmons are needed) and for the
LDOS (flat dispersion curve), it is important to establish a prescription on which
choice should be made when looking for a dispersion relation. In this section, we
discuss the origin and physical content of these two dispersion relations summarizing
Ref. [90] where further details can be found.

4.9.1 First Interpretation
The existence of two different forms of the dispersion relation was first pointed out
by Alexander [91]. It was first thought that the dispersion relation with a backbending
was an unphysical mathematical curiosity. Yet, Arakawa [92] remarked that when
plotting the position of the dips in a reflectivity experiment where the angle of incidence is varied at fixed frequency, the dispersion relation presents a backbending
branch. Instead, when plotting the points obtained from a spectrum at fixed angle,
one finds the dispersion relation without backbending. This approach gives a practical prescription for the analysis of attenuated total reflection (ATR) experiments.
We can go beyond this simple observation and note that when measuring a reflectivity spectrum at fixed angle, the experiment contains the following ingredients:
a real incident wavevector, a reflectivity spectrum showing a resonance at a given
(real) frequency with a width that accounts for the imaginary part of the frequency.
Similarly, a reflectivity measurement done at fixed frequency for different angles
displays a resonance peak at a given (real) wavevector with a width that accounts for
the imaginary part of the wavevector.
Nevertheless, this discussion is not a general prescription that can be used to discuss all possible issues. To illustrate this point, we consider two questions regarding
important properties of surface plasmons: confinment of the fields and large density
of states. What can we learn from the dispersion relation regarding these questions?
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The dispersion relation with a backbending predicts a cut-off spatial frequency kco :
it follows that the LDOS has an upper bound and that the maximum confinment of
the field is also limited by 1/kco . By contrast, the dispersion relation without backbending predicts a divergence of the LDOS at the frequency corresponding to the
asymptote of the dispersion relation. It also predicts no limit to the possible resolution. It is thus clear that a general discussion on the applicability of the different
dispersion relations is needed.

4.9.2 Representation of the Fields
In order to analyse the meaning of the dispersion relation and to clarify this issue, it
is necessary to investigate the meaning of the choice of a real or complex wavector.
In what follows, we emphasize that the relevant quantity is not a field with real or
complex wavevector, but the field which depends on time and position. Introducing
complex or real wavevectors amounts to introduce a particular representation of the
field. A standard and convenient representation is the Fourier transform of the field
with respect to both time and position. The resulting modes have real frequencies
and real wavevectors. We note that a Fourier transform can always be introduced for
a square integrable function in time and space. Any field that carries a finite energy
is square integrable in time and space so that we can use a Fourier representation.
When looking at the field excited by any distribution of sources in the presence of
an interface, it is possible to extract the pole contribution to the integral. Following
Sommerfeld’s prescription, this contribution of the pole of the Fresnel reflection
or transmission factor to the integral is the surface wave. The contribution of the
pole can be evaluated analytically using the residue theorem. This first analytic
integration can be done either over frequencies or over the wavevector. Since the
pole is complex, the analytic integration yields either a complex wavevector or a
complex frequency depending on the choice. When following this program, we find
two different representations of the surface plasmon field equally valid since the final
value of the integral does not depend on the way chosen to perform the evaluation.
One representation uses surface modes with real frequency and complex wavevector,
whereas the other uses complex frequencies and real wavevectors. We skip all details
and give the result of the integration reported in Ref. [90] hereafter.

Field Representation with a Real Wavevector
The field can be cast in the form of a linear superposition of modes with real wavevector K and complex frequency ω S P . We denote K the projection of the wavevector
parallel to the interface K = (α, β, 0):
E S P = 2ℜ




d2 K
K
i(K·r+γm |z|−ω S P t)
K̂
−
E(K,
t)
n
e
,
m
(2π)2
γm
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(4.47)

where nm = −ẑ if z < 0 and ẑ if z > 0, and K̂ = K/K . The surface plasmon field
takes a form that looks as a mode superposition, except that the amplitude E(K, t)
depends on the time t. Indeed, when describing a stationary field using modes that
have an exponential decay, the amplitude is necessarily time dependent. In order to
obtain a superposition of modes with fixed amplitudes, it is necessary to assume that
all sources are extinguished after time t = 0 so that we observe the field after it has
been excited. In that case, the decay of the mode is well described by the imaginary
part of ω S P . Equation (4.47) is thus well suited for fields excited by pulses. Note
that the polarization of each mode is specified by the complex vector K̂ − γK nm ,
m
whose component along the z-axis depends on the medium from which the field is
evaluated.

Field Representation with a Real Frequency
A different representation of the field can be derived using modes characterized by
a real frequency ω and a real β. The x-component of the wavector is complex and is
given by
(4.48)
K x,S P = [k S2 P − β 2 ]1/2 .
The z-component of the wavector is given by the usual form γ = [ǫm ω 2 /c2 −k S2 P ]1/2 .
With these notations, the field can be cast in the form:
E=



dω
2π



dβ 
KSP
nm ei(K x,S P x+β y+γm |z|−ωt)
E > (β, ω, x) K̂+ −
2π
γm
KSP
+E < (β, ω, x) K̂− −
nm ei(−K x,S P x+β y+γm |z|−ωt) (4.49)
γm

where K̂+ = (K x,S P x̂ + β ŷ)/K S P and K̂− = (−K x,S P x̂ + β ŷ)/K S P . Note that the
modes amplitudes depend on x. A proper mode representation should use only fixed
amplitudes. This is possible if all the sources lie in the x < 0 region and the region
of interest is the x > 0 region. It can be shown in that case that the surface plasmon
field can be cast in the form:


dβ
KSP
dω
(4.50)
nm E > (β, ω)ei(K·r+γm |z|−ωt) .
K̂ −
E=
2π
2π
γm
where K = K x,S P x̂ + β ŷ is complex and K̂ = K/K S P . We conclude that stationary
monochromatic fields excited by sources confined in a bounded domain are well
described out of this domain by a representation that uses complex wavevectors and
real frequencies.
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Complex ω or Complex K ? A Simple Prescription
To summarize, we have shown that the surface plasmon field can be represented using
modes that have either a complex frequency or a complex wavevector. However,
these modes amplitudes may still depend on either time or space in the more general
case. However, there are two cases where these modes with a complex wavevector
or complex frequency can be used with amplitudes which are constant. The first
case is the representation of a field excited by a pulse for times after the end of
the excitation. Then a representation with modes having a complex frequency is
possible. The second case is a field excited by a stationary but localized source. Then a
representation using complex wavevectors is possible. To each situation corresponds
a specific dispersion relation. This simple analysis yields a simple prescription to
choose the proper dispersion relation. Note that in the case of pulses limited in
space, both representations can be used.

4.9.3 Implications for LDOS
Let us now discuss the Local Density of States (LDOS). We have already pointed
out the connection between the dispersion relation and the LDOS in Sect. 4.8.2.
In particular, we have seen that the density of states diverges when the group velocity
goes to zero. A quick look at Fig. 4.5 shows that different dispersion relations
√ seem
to predict different LDOS. While Fig. 4.5b predicts a very large peak at ωsp / 2 due
to the asymptote (zero group velocity) and no states above this√
frequency, Fig. 4.5a
predicts a smaller peak and a non-zero LDOS between ω S P / 2 and ω S P . There
must be a unique answer as the LDOS determines the energy density at equilibrium
and the lifetime of emitters which are well-defined physical quantities. Again, we
see that a prescription is needed to choose the right dispersion relation.
A standard procedure to derive the DOS in the reciprocal space is based on the
periodic boundary conditions. Assuming a surface of side L, the wavevector takes the
2π
form K = n x 2π
L x̂ + n y L ŷ. When performing this analysis, both K x and K y are real.
Thus the relevant representation uses real wavevectors and complex frequencies.
The corresponding dispersion relation has no backbending and therefore presents
a singularity. This is in agreement with another approach of the LDOS based on
the use of the Green’s tensor that predicts an asymptotic behaviour proportional to
1/(z 3 |ǫ + 1|2 ) [32, 33]. Of course, this divergence is nonphysical. It is related to
the modelling of the medium using a continuous description of the metal without
accounting for the non-locality.

4.9.4 Implications for Superresolution and Strong Confinment
Let us first discuss the issue of resolution when imaging with a surface plasmon
driven at frequency ω by an external source. If the dispersion curve with the asymptotic behaviour is chosen, there seems to be no diffraction limit (if we neglect the
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cut-off due to Landau damping) and only the amplitude decay of surface plasmon
due to Ohmic losses in the metal limits the resolution. The effect of the backbending of surface plasmon dispersion discussed in Ref. [46] limits the surface plasmon
wavelength 2π/ℜ(k S P ) and therefore, the resolution. Clearly, both dispersion relations do not lead to the same conclusion and a prescription to choose one or the other
is needed. Let us consider a situation where a surface plasmon is excited locally by
a stationary monochromatic field. From Sect. 4.9.2, we know that it is valid to use
a representation with fixed amplitudes using modes with complex wavevectors and
real frequencies. This implies that the dispersion relation with real frequency (with
backbending) is relevant. Hence, there is a cut-off spatial frequency. Indeed, as K x
may be complex, the propagation term exp(i K x x) introduces damping. In the case
of a lossy medium, damping may be due to losses. However, even for a non-lossy
medium (k S P is real), K x = (k S2 P − β 2 )1/2 can be imaginary. This occurs when β
exceeds the value K S P . This situation is the 2D analogue of the evanescent waves
with wavevector K larger than ω/c that cannot propagate in a vacuum. Clearly, k S P
is a cut-off frequency and the propagation term exp(i K x x) works as a low-pass filter
that prevents the propagation of fields associated with spatial frequencies larger than
k S P . When dealing with lossy media, it is the real part of k S P that specifies the cut-off
spatial frequency. It is seen in Fig. 4.5 that this real part is limited by the backbending
of the dispersion relation.
In summary, when discussing imaging with stationary monochromatic surface
plasmons, the relevant representation is based on modes with a complex wavector
and a real frequency given by Eq. (4.50). This corresponds to a dispersion relation
with a backbending. It follows that the resolution is limited by the cut-off spatial
frequency given by the maximum value of ℜ(k S P ).

4.10 Fourier Optics for SPP
In this section, we study the propagation of surface plasmon polaritons along a flat
interface. Several experiments demonstrating propagation, interferences and diffraction by surface plasmons have been reported in the literature [93–97]. In usual optics,
these phenomena are well described in the framework of optical physics, which is
based on the Huygens–Fresnel principle. In this section, we derive an analogue of this
principle for surface plasmons following Ref. [98]. We consider the propagation of
a monochromatic surface plasmon field along a planar surface z = 0 in the direction
of positive x. We assume that the field is known at x = 0 and we seek an expression
of the field for x > 0. If a Huygens–Fresnel-type approach can be used, we expect
to be able to assume that each point along the line x = 0 acts as a secondary source
that radiates a cylindrical wave.
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4.10.1 General Representation
The general representations of the field given in Sect. 4.9.2 provide the adequate
formalism to deal with these phenomena. In particular, Eq. (4.50) is a rigorous form
of the surface plasmon field valid in a region with no sources. Let us stress that this
representation is valid for a complex wavevector K and a real frequency ω so that this
representation is necessarily associated with a dispersion relation with backbending.
We emphasize that this representation is well suited to discuss propagation for x > x0
of a surface plasmon field known along a line x = x0 . It is seen in Eq. (4.50) that
propagation over a distance d amounts to multiply the amplitude of each mode by
a factor exp(ik x,S P d). In general, this involves modifying both the phase and the
amplitude of the mode. Thus, it allows us to discuss any surface wave diffraction
problem. Hereafter, the time dependence exp(−iωt) will be omitted for brevity. From
Eq. (4.50), we have:
E

SP

(x, y) =



dβ S P
i
E (β)e
2π



k 2S P −β 2 x+iβ y

.

(4.51)

This expansion is analogous to the angular plane wave representation of fields in a
vacuum. It is valid for x > 0 in a source free
 region. Note that we have omitted the

z-dependence of the field given by exp(i ǫ1 ω 2 /c2 − k S2 P z) in the upper medium

and by exp(−i ǫ2 ω 2 /c2 − k S2 P z) in the metal. Indeed, the decay along the z-axis
depends on the frequency but not on β.
A first simplification arises when reducing the problem to a scalar problem. Indeed,
it turns out that the x- and y-components of the electric field can be derived from the
form of the z-component of the electric field. This is a straightforward consequence
of div E = 0 so that K · E + k z E z = 0. The electric field components are thus
given by:

kz
k S2 P − β 2 2 E zS P (β)
kS P
kz S P
E y (β) = k y 2 E z (β)
kS P

E x (β) =

E zS P (β),

(4.52)


where k z = ǫ1 ω 2 /c2 − k S2 P is the z-component of the wavevector in dielectric
environment.
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4.10.2 Huygens–Fresnel Principle
We now proceed to derive a vectorial form of the Huygens principle with no approximation. Note in particular that the result will account for polarization and near-field
effects. We observe that the integral in Eq. (4.51) is the Fourier transform of the
product of two functions of β. For example, for the z-component, we have:
E zS P (x,

y) =



 

dβ
i k 2S P −β 2 x
SP
[E z (β)] e
eiβ y .
2π

(4.53)

The integral can thus
 be written as a convolution product of the Fourier transforms

of E zS P (β) and exp(i k S2 P − β 2 x). Making use of the integral representation of the
Hankel function, we obtain:

where ρ =



dβ



e



i k 2S P −β 2 x
iβ y

e

= −iπ

∂ (1)
H (k S P ρ)
∂x 0

x 2 + y 2 . Equation (4.53) can thus be cast in the form:

E zS P (x,

−i
y) =
2



∂ (1)
H (k S P ρ).
∂x 0

(4.54)

k z ∂ 2 (1)
H (k S P ρ),
k S2 P ∂x 2 0

(4.55)

kz ∂ 2
H (1) (k S P ρ).
k S2 P ∂x∂ y 0

(4.56)

dy ′ E zS P (x = 0, y ′ )i

Similarly, we find:
E xS P (x,

−1
y) =
2



dy ′ E zS P (x = 0, y ′ )

and:
E yS P (x, y) =

−1
2



dy ′ E zS P (x = 0, y ′ )

Equation (4.54) can be viewed as a vectorial Huygens–Fresnel principle for surface
plasmons. Indeed, the surface plasmon field at (x, y) appears to result from the
interferences of surface plasmons emitted by secondary sources located at (x =
0, y ′ ) with an amplitude E zS P (x = 0, y ′ ). In order to see more clearly the link with
Huygens–Fresnel principle, we use the asymptotic form of the Hankel function, valid
for distances larger than the wavelength. We obtain:
E zS P (x,

i
y) = − √
λS P



eik S P ρ
dy ′ cos θ E zS P (x = 0, y ′ ) √ eiπ/4 ,
ρ

(4.57)

where λ S P = 2π/k S P is the surface plasmon wavelength and θ = arccos(x/ρ). Here,
√
the propagator is a damped cylindrical wave eik S P ρ / ρ instead of the
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spherical wave eikr /r in the case of light propagation in a 3D vacuum. We
recover in this asymptotic regime a surface plasmon form that has been conjectured
previously [99, 96]. However, let us emphasize two differences between the scalar
approximation and the propagator given by Eq. (4.54). Firstly, Eq. (4.54) is valid for
any distance and includes near-field terms. Secondly, Eqs. (4.55) and (4.56) show that
the x- and y-components of the electric field can be derived from the z-component.
Ez
,
More specifically, the parallel components of the field are given by E x = kk2z ∂∂x
Ey =

SP

kz ∂ E z
.
k 2S P ∂ y

4.11 Conclusion
After more than 50 years, surface plasmons are still a very active research area. There
has been a remarkable increase of novel results in the last ten years, mostly due to
the simultaneous progress in observation and fabrication techniques. Observation
techniques are reviewed in a separate chapter. They have made tremendous progress
since the first near-field microscopy image [100] of a surface plasmon. The progress
of nanofabrication makes possible the control of nanostructures that can take full
advantage of the potential of surface plasmons. It is the purpose of this introductory
chapter to highlight the polaritonic aspect of surface plasmons, or in other words, its
dual electronic and electromagnetic nature. Surface plasmons are becoming a very
important tool for the control of optical fields at the nanoscale. I believe that it is
important to be aware of the underlying microscopic nature of surface plasmons in
order to fully appreciate their potential and limitations.
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