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As shown in a recent letter [Nature 452, 728 (2008)] with a microscopic model, the phenomenon of the extraor-
dinary optical transmission (EOT) is intrinsically due to two distinct surface waves: the surface plasmon po-
lariton and the quasi-cylindrical wave (quasi-CW) that efficiently funnel light into the hole aperture at reso-
nance. Here we present a comprehensive microscopic model of the EOT that takes into account the two surface
waves. The model preserves the desirable physical insight of the previous approach, but since it additionally
takes into account the quasi-CWs, it provides highly accurate predictions over a much broader spectral range,
from visible to microwave radiation. The net outcome is a complete understanding of many aspects of the EOT
and especially of the role of the metal conductivity that has largely puzzled the initial interpretations. We be-
lieve that the main conclusions of the present analysis may be applied to many Wood-type surface resonances

on metallic surfaces. © 2010 Optical Society of America

OCIS codes: 050.1950, 050.6624, 240.6680.

1. INTRODUCTION

Noble-metal surfaces patterned with sub-wavelength
(sub-\) structures play a central role in the emerging field
of plasmonics and metamaterials [1-3]. Although the rep-
resentation of a multiple-scattering progression of surface
plasmon polariton (SPP) waves, initially launched by
some indentations and successively scattered by neigh-
boring indentations, is widely accepted and conceptually
attractive to comprehend the physics of the surface
[4-13], it is scarcely used in the earlier stages of the de-
sign. One often prefers to perform fully vectorial calcula-
tions [14-16], which when feasible, provide important in-
formation like the spatial and temporal field
distributions. However, because the numerical approach
is by essence different from our physical representation, it
is often difficult to recover the initial SPP-progression pic-
ture from the calculated data. Thus, even for basic
metallo-dielectric geometries such as gratings, one usu-
ally ignores how much SPPs are excited on the flat parts
of the nano-structured surface in between the indenta-
tions and how these SPPs participate into the optical re-
sponse [17]. Feedback from the numerical solution to the
intuitive picture is missing.

The extraordinary optical transmission (EOT) through
a sub-A two-dimensional (2D) hole array drilled in a
noble-metal membrane [18] is an emblematic phenom-
enon in plasmonics. Since ten years, this phenomenon has
enabled many theoretical and experimental works
[1,18-29] to understand the physical origin of the funnel-
ing and squeezing effects at resonance and to exploit
them for various applications [1,22-28]. By rigorously
solving Maxwell’s equations, fully vectorial brute-force
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calculations [14—16] can reproduce all the salient features
of the EOT with high accuracy. However, they only pro-
vide an indirect physical insight into the phenomenon,
and consequently they weakly guide our intuition in find-
ing design recipes for further engineering plasmonic de-
vices. Recently, these deficiencies have been partly over-
come by the introduction of a SPP model [20] that
provides a microscopic analysis of the EOT. In contrast
with classical grating approaches that emphasize collec-
tive properties of the fully periodic system [19,30-32], the
model relies on the individual SPPs that are launched in
between the holes and that are scattered by the nearby
holes to build up the resonant funneling. In essence, this
model is similar to the initial model developed by Fano,
when he revisited Rayleigh’s arguments to explain Wood’s
anomalies [33] of reflection gratings, by suggesting that a
surface mode with a parallel momentum greater than the
free space momentum be involved in the energy transport
between adjacent grooves to build up a resonance [34]. Al-
though the SPP model [20] well explains and predicts
many salient features of the EOT, it provides qualitative
predictions that cannot be used with confidence for an ac-
curate analysis. The reason originates from the fact that
the SPP model, originally introduced to identify the ac-
tual role of SPPs in the EOT, intentionally assumes that
only SPPs are responsible for the surface electromagnetic
interaction between the holes of the array, therefore ne-
glecting (like in Fano’s interpretation) the contribution of
field components other than the SPP. This supplementary
field component has been identified and analyzed in re-
cent works [21,35-38]; because its field is approximately
inversely proportional to the square root of the distance x
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from the line scatterer (at least for x <10\ [21,36]), it will
be consistently called a quasi-cylindrical wave (quasi-CW)
hereafter. It has been shown that the SPP and quasi-CW
are equally excited at visible frequencies, and that the
SPP is weakly excited and the quasi-CW dominates at
far-infrared and longer wavelengths [20,21,36].

In this work, we propose what we believe to be a new
microscopic model (Section 3), which takes into account
both the SPPs and the quasi-CWs. The new model is
based on a recently established new formalism [39] (sum-
marized in Section 2 for the sake of completeness), in
which the two surface waves, the SPP and the quasi-CW,
are simultaneously excited with a fixed relative propor-
tion and thus act as a whole entity that we call a hybrid
wave (HW). The HW model drastically enlarges the spec-
tral range of validity of the microscopic SPP model and
improves our understanding of the EOT (Section 4). Con-
clusions are summarized in Section 5.

2. HYBRID WAVES

In the SPP model [20], the quasi-CWs are neglected and
the SPP scattering events at every individual one-
dimensional (1D) hole chain are coherently gathered to
build up the transmission through the 2D hole array. The
SPP model well predicts all the salient features of the
EOT, such as the resonance wavelength and the presence
of an antiresonance; however it only approximately pre-
dicts the magnitude of the transmission peak in the vis-
ible and near-infrared bands, and is largely inaccurate at
far-infrared and longer wavelengths, due to the weak ex-
citation of SPPs that are expelled from the metal into the
dielectric region.

Introducing the scattering of quasi-CWs into the SPP
model is expected to overcome the deficiency of the classi-
cal SPP model and to provide a comprehensive overview
of the EOT over a broad spectral range. The difficulty lies
in the more complex essence of the quasi-CW, compared
with the SPP. The SPP is a normal mode and can be
treated conveniently by the well-established normal-mode
theory (like using the mode scattering coefficients and the
related reciprocity) [40,41], while the quasi-CW is not a
normal mode.

This difficulty has been recently overcome, thanks to a
new HW formalism [39] that allows us to handle the scat-
tering of the quasi-CW in a way formally identical to the
classical way we handle the SPP scattering. It is not the
aim of this section to present the HW formalism in detail
since this has been done in [39]. We rather intend to sum-
marize its main aspects so that a potential reader may
easily understand how it is used in the next section to de-
rive analytical expressions for the EOT.

The HW formalism, which takes into account multiple
scattering effects such as cross-conversions from SPPs to
quasi-CWs and vice versa [42], derives from the finding
that for any 2D (invariant along a single y-direction)
sub-\ object on a noble-metal surface under any illumina-
tion of transverse-magnetic (TM) polarization (magnetic
vector along the y-direction), the scattered field is always
the same, except for a proportionality factor; it is the HW.
Indeed, this finding only holds for sub-\ objects, provided
that the transverse size of the object is small enough com-
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pared to the wavelength. A detailed justification of this
property can be found in [39]. The HW is thus defined as
the radiation of a TM-polarized magnetic line source on
the metal surface (at the position of the object). For the
HW that is excited by a line source at x=2=0 and that
propagates in the positive x-direction, its magnetic field
Hjw(x,z) on the metal surface (z=0) is [21,36]

Tw(®,0) = Hip(x,0) + Hiw(x,0) = exp(ikgpx)

+ 277? (Im+1d)’ (1)

0 €m— &

if x>0 and is zero if x <0, where

€d
1, = exp(—imn/4) f
em=8aly [1- (g, +it)ko/kip]\en + it

+o0

explikoxle,, + i)\t

dt,

and I; can be obtained from I,, with ¢; and ¢,, exchanged,
g4 and ¢,, being the relative permittivities of the dielectric
and metallic materials (the ¢,, values for gold are taken
from the tabulated data in [43] for the following calcula-
tions), and kgp=kolege,,/(e4+€,) ]2 being the in-plane
SPP propagation constant. I,, +I; can be calculated by nu-
merical integration and asymptotically admits a
cylindrical-wave behavior of x~1/2 exp(ikoedl/ 2x) in the vi-
cinity of the object (x <|e,,|\) [36]. For the HW that propa-
gates in the negative x-direction, its magnetic field is
given by Hpy(x,0)=Hjw(—x,0) due to the symmetry. The
HW expression of Eq. (1) originates from the Green-
function calculation of the radiation of a Dirac line-source
on a metallic interface. The solution encompasses two
contributions: a SPP field (formally identified as a pole
contribution), Hgp(x,0)=exp(ikgpx), and the quasi-CW
field (formally given by a contour integral in the complex
plane); see details in [21,36]. Equation (1) shows that the
relative proportion of the two contributions is fixed and
only depends on &4 and ¢,,. On this basis, as shown in
[39], it is possible to attach scattering coefficients to the
HW, although generally scattering coefficients can be de-
fined only for normal modes [40,41]. Actually, these coef-
ficients are simple since they can be formally identified to
SPP scattering coefficients [39].

3. MICROSCOPIC HYBRID-WAVE MODEL

Hereafter, we consider a gold membrane in air pierced by
a fully periodic 2D hole array (period a) illuminated by a
plane wave of TM polarization (magnetic vector along
y-axis) as shown in Fig. 1(d). Under the assumption that
the field transmission through the perforated membrane
is mainly mediated by the fundamental Bloch mode of the
hole array, the zeroth-order transmission coefficient ¢x(k,)
can be expressed as a classical Fabry—Perot equation
[19,32,20],

t5(k,)exp(ikond)

tp(ky) = ,
#lks) 1-r2(k,)exp(i2kond)

2)

where t4(k,), ra(k,), and n are, respectively, the transmis-
sion coefficient, the reflection coefficient, and the complex
effective index of the fundamental Bloch mode [see Fig.
1(d)], with k&, being the x-component of the wave vector of
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(Color online) Elementary HW scattering events (a)—(c) for building up the EOT phenomenon (d). (a)-(c) HW scattering coeffi-

cients at a 1D hole chain under illumination (a) by a HW, (b) by the fundamental mode of the chain, and (c) by a TM-polarized plane

wave. This defines six scattering coefficients, p, 7, a,

B(k,), r, and t(k,), with %, being the x-component of the wave vector of the incident

or scattered plane waves. (d) Modal scattering coefficients used in the classical Fabry—Perot equation of the EOT. The arrows on the
surface in the chain and in free space denote HWs, fundamental chain modes, and plane waves, respectively. The arrows denoting inci-

dent and scattered waves are in red and in green, respectively.

the incident plane wave, and d is the membrane thick-
ness. Before deriving analytical expressions for £4(k,) and
ra(k,) in Subsections 3.B and 3.C, we now consider the el-
ementary scattering coefficients associated with the scat-
tering of HWs by a 1D hole chain.

A. HW Scattering Coefficients

The main contribution of the HW model is to derive ana-
lytical expressions for ¢4(k,) and r4(k,). For that purpose,
like in [20], the 2D hole array is treated as a periodic en-
semble of infinite-depth 1D hole chains [Figs. 1(a)-1(c)],
with a sub-\ period a in the y-direction. By virtue of the
analogy between SPP and HW scattering coefficients [39],
we can define the HW transmission and reflection coeffi-
cients, 7—1 and p [Fig. 1(a)]l, and the HW excitation coef-
ficients, B(k,) and a, under illumination of the chain by an
incident plane wave [Fig. 1(c)] and by the fundamental
chain Bloch mode [Fig. 1(b)]. All these HW scattering co-
efficients can be related to the corresponding SPP ones
[39]: thus p and 7 can be seen as the reflection and trans-
mission coefficients of the SPP, and B(k,) and « are also
the SPP scattering coefficients from an incident plane
wave and from the fundamental chain mode to launched
SPPs. Thus, due to the reciprocity theorem [41], B(%,) and
a are also the scattering coefficients from an incident SPP
or HW to a scattered plane wave or to the fundamental
chain mode [Fig. 1(a)]. To build up the HW model, we
need also to define a reflection coefficient r of the funda-
mental chain mode [Fig. 1(b)] and a transmission coeffi-
cient ¢(k,) from the incident fundamental chain mode to
the scattered plane wave with a parallel momentum £,
[Fig. 1(b)] and reciprocally [Fig. 1(c)].

All these SPP scattering coefficients, p, 7, «, B(k,), r,
and ¢(k,), have been calculated in [20] using an aperiodic-
Fourier modal method (a-FMM) [44]. The a-FMM is a
fully vectorial frequency-domain modal method, which is
a generalization of the well-developed rigorous coupled
wave analysis (RCWA) [16] by including perfectly
matched layers to handle the outgoing wave conditions in
aperiodic structures.

B. Nonperiodic Array of 1D Hole Chains

To derive the master equations of the HW model, let us
start with a very general case in which a finite set of iden-
tical 1D hole chains are arrayed nonperiodically in the
x-direction and are illuminated by a TM-polarized plane

wave at oblique incidence (Fig. 2). According to the main
assumption of the HW formalism (Section 2), a set of el-
ementary HWs are launched by every hole chain of the ar-
ray illuminated by the incident plane wave [Fig. 1(c)], and
these HWs further excite new HWs by scattering on the
neighboring chains [Fig. 1(a)]. Thus the total near field at
the metal surface (z=0) can be written as a superposition
of 2N HWs that originate from the IV chains,

N
Hy(xyz) = E [PnHﬁW('x _xruz) + QnHﬁW(x _xnaz)]’

n=1

where we use P, and @, to, respectively, denote the un-
known coefficients of the right-going and the left-going
HWs that originate from the nth chain located at x=x,
(n=1,2,...,N). Referring to the HW scattering coeffi-
cients defined in Fig. 1, a set of coupled-HW equations at
the nth chain can be written as

n-1
P,=W,B(k,) + (1= 1) >, P, Hipy(x, - x,,0)
m=0
N+1
+p 2 QuHiw(x, = %,,0), (4a)
m=n+1

) 4

xn-Z xn—1 xl‘l xn+1
Fig. 2. (Color online) Coupled-wave coefficients of a nonperiodic
array of 1D hole chains illuminated by a TM-polarized plane
wave at oblique incidence. The notation of arrows follows that in
Fig. 1. P,, @,, and ¢, denote the coefficients of the right-going
HW, the left-going HW, and the down-going fundamental chain

mode that originate from the nth chain at x=x, (n=1,2,...,N).

n+2
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n-1
Q= W,B(= k) + p 2 PrHiyw(x, = %,,0) + (7
m=0
N+1
- 1) E QmHI_—IW(xn _xm’o), (4b)
m=n+1

where W, =exp(ik,x,) is the phase shift of the incident
plane wave at the nth chain, with %, being the
x-component of the wave vector of the incident plane
wave, and Hyy(x,0) is given by Eq. (1). Equations (4) are
intuitive. For Eq. (4a), the three terms represent the ex-
citation of right-going HWs at the nth chain by the inci-
dent plane wave [Fig. 1(c)], by all the right-going HWs
that impinge from the left side of the nth chain (m<n)
[Fig. 1(a)], or by all the left-going HWs that impinge from
the right side of the nth chain (m >n). Equation (4b) rep-
resents the excitation of left-going HWs at the nth chain
and can be similarly understood. Combined with the
boundary conditions Py=@Qpy,1=0, implying that no HW is
sent from the two outer sides of the chain array, Eqgs. (4)
form a set of 2N linear equations with 2N unknowns, the
P, and @,,. This linear system is easily solved for P, and
®,, through a matrix inversion for instance. Then the ex-
citation coefficient ¢, of the down-going fundamental
mode in the nth chain is determined by

n-1 N+1
cn=Wyt(=ky) +a >, P, Hiw(x, —x,) +a D QuHiw(x,
m=0 m=n+1

(5)

_xm)7

a sum of three terms that are easily understood.

To implement the model, we first calculate the SPP el-
ementary scattering coefficients p, 7, «, B(k,), and #(k,) de-
fined in Fig. 1 for an individual hole chain. Then we solve
Eqgs. (4) and use Eq. (5) to determine wave coefficients P,
Q,, and c,, from which we can reproduce both near- and
far-field properties. The computational load for imple-
menting the model mainly consists of the fully vectorial
a-FMM computation of the SPP elementary scattering co-
efficients, since in comparison, the computation load re-
quired for solving Egs. (4) through a matrix inversion is
negligible. Note that for fully vectorial numerical ap-
proaches that treat the aperiodic chain array as a whole
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entity, they are extremely demanding in computational
sources and become unavailable in fact when the number
of chains exceeds a few tens, while the computation
amount associated with the model always remains at an
accessible level since only the elementary unit structure
(the individual hole chain) needs to be treated with fully
vectorial methods when calculating the SPP scattering co-
efficients.

C. Periodic 2D Hole Array

For an infinite periodic array of 1D hole chains (fully pe-
riodic 2D hole array that supports EOT), we have N — o,
x,=na, and W,=w", with w=exp(ik,a) being the phase
shift of the incident plane wave accumulated in a single
period a. In addition, according to the Floquet theorem,
we have

Pn = an—l’ Qn = an—b (6)

Rewriting Egs. (6) as P,=w"Py, Q,=w"Q, c,=w"cy and
inserting them into Eqs. (4) and (5), we can obtain ana-
lytical expressions for the unknowns (no need to numeri-
cally invert a matrix for fully periodic systems). Now Eqs.
(4) and (5) become

Cp=WCy_1.

Py = B(k,) + (1= D)2HwPo + p2Hyw@Qo, (7a)
Qo = B(- k) + pSHiwPo + (1— 1)2Hpuw®o, (7b)
co=t(-ky) + aSHpwPo + a2 Hgw@Qo, (7c)

where XHpw=2,_jw "Hfw(na,0) represents two infinite
summations of the HW fields originating at multiples of
the period with a phase shift w. S Hjy can be rewritten as
SHiw=3Hgp+3H{y, with SH§p=1/(w*lu"1-1) repre-
senting the SPP contribution [u=exp(ikspa) being the
phase shift of the SPP experienced in one period], and
with XHGw=2,_jw *"H{w(na,0) representing a quasi-CW
contribution. The convergence of the infinite summation
S H{y is ensured by the asymptotic damping for a large x:
|[HEw(x,0)| scales as x7%2 in the far zone x> |e,, |\ [36-38].
The numerical evaluation of 2H¢y can benefit from the
analytical expression of Eq. (1). Because the exponential
factor in the integrand of I,, is almost zero, I,, is much
smaller than I; and can be neglected. Then performing
the infinite sum over the quasi-CW, Eq. (1) becomes

B2 [oe \ 1
. SP \V€d€m . Em
Hs cw= | 27— exp(—im/4)
’ kG €m— 84 €4 €m

which can be easily calculated through numerical integra-
tion. Solving P, and @, analytically from Egs. (7a) and
(7b), we can get

Bk )I(V/SHgy + 1) = 7S Higg + B~ h)p/SHirg
O [A/SHiw+1) - Al(VSHpw+1) - 71— p?

>

(8a)

f"* \E/{exp[ia(:kx —ko\eq +1t)] - l}d

0 [1 - (Sd + lt)kg/kgp] \J’Sd + it

| B kIS Hiny + 1) = 7V Hyy + Bk )p/SHiy
T [A/SHbw+1) - Al(/SHpw+1) - 7] - p?

(8b)

Inserting the expressions of Py and @, into Eq. (7¢), we
obtain c¢(, which is nothing else but the transmission co-
efficient #4(k,) from the incident plane wave to the funda-
mental Bloch mode of the periodic 2D hole array, since the
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latter is composed of a coherent superposition of the fun-
damental Bloch modes in all chains. The final result for
tA(kx) is

Bl )(VEHgy + 1) = (7= p)]+ B(- k)[(1/EHpw + 1) = (7= p)]

talk,) =t(-k,) +a
alk) =t(=k) + (/S Hipg + 1) - [(VSHigg + 1) - 7] - p2

(92)

Strictly following the same procedure, we easily derive an analytical expression of the reflection coefficient r4(k,) of the
fundamental hole-array Bloch mode. The result is just the right side of Eq. (9a) with B(k,) and B(-k,) replaced by a and

with ¢(k,) replaced by r,

2[(1/2H1"{W+ 1) - (r-p)]+[(1/2Hfw+ 1) - (71— p)]

ralky) =r+a

Equations (9) retain all the features of the SPP model [20]
and contain it as a special case without any quasi-CW
(3H¢yw=0). Under normal illumination (k,=0), Egs. (9)
take a simpler form,

. 2ap
= = 1
W= O s Do O
k 2 b
k= e D (e O
where t=t(k,=0), B=pB(k,=0), and SHyw

=Ez=1HﬁW(na 5 0) =2HSP+2HCW’ with EHSl): 1/(u‘1 - 1)
and SHew=2, _1Hw(na,0).

D. Perfect Conductor Case

At very low (terahertz to microwave) frequencies for
which metals act as perfect conductors, the implementa-
tion of the HW model deserves special attention, since
now SPPs cannot be excited efficiently and only quasi-
CWs contribute [20,21,17,45]. As metals approach perfect
conductors (g,,—»), we can observe that p—0, 7—1, «
—0, B(k,)—0, and SHyw— . Then we find that the sec-
ond fraction terms in the model equations (9) become an
indefinite form of type “0/0.” Now the problem arises on

[(1/3Hfw+1) - A[(1/SHpgyw+ 1) - 7] - p?

(9b)

[
how to calculate the limit of such indefinite forms. The so-
lution relies on theoretical knowledge of scaling laws for

the scattering coefficients as ¢, increases. It has been
shown that [36,46]

p= Sr—nl/2p(PC), r—1= 8’—711/2(7_(PC) -1),
a=g,ad", k) =e, "Bk, (11a)

where the quantities with a superscript “PC” tend to con-
stants as g,,—, and this notation is consistently used in
the following. Since the field scattered by a hole chain for
an incident fundamental chain mode or plane wave ap-
proaches constant as metals approach perfect conductors,
we have

r=r®O (k) =tPO(k,). (11b)
Moreover, since I,,—0, I;— const, and kgp— kg as g, —®
[see Eq. (1)], we get

SHiw=elPSHERY, SHip=3HITY.  (11c)
Equations (11c) confirm the anticipated fact [20,21,36]
that the contribution of SPPs, relatively to that of quasi-
CWs, vanishes as ¢,,—». Inserting Eqs. (11) into the
model equations (9) and letting &,,— %, we can obtain for
perfect conductors

BEOUI(SHE +1) - (70 = pFO)] + B0 k)[(SHE + 1) - (#70 - pFO)]

tA(kx) = t(PC)(_ kx) + a(PC)

[(EHE +1) - 7O HG? +1) - 7707 - (pFO)?

, (12a)

[(/SHG + 1) = (779 = pPO+ [SHG + 1) = (779 - pPO)]

ratk) =19 + (P02

Equations (12) represent a pure quasi-CW model of EOT
for perfect conductors, in which the contribution of SPPs
vanishes as expected. The form of Egs. (12) is identical to

[(I/EHE(VI\’,C) +1) - 7.(PC)][(l/zI_Ia(VIGC) +1)- 7_(PC)] _ (p(PC))2

(12b)

[
that of Eqgs. (9) except that the scattering coefficients cor-
respond to a perfectly conducting case. Under normal in-
cidence, Eqgs. (12) reduce to
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2 PO ,B(PC)
t(ky = 0) = £PC) &

(1/SHEO + 1) - (p®O + £PO)’
(13a)

2(a(PC))2
(/SHED + 1) - (pPO 4 APO)’
(13b)

ralk,=0)=r®0 ¢

where t®O=®O( _=0), pPO=pPC(L =0), and EH(CPV%)
=SHEFO(k,=0).

Theoretically, the calculation of the normalized scatter-
ing coefficients pFO), PO PO gPCY(E ) PO and ¢PC)
X(k,) can be made very accurate by considering very
large values of ¢,,. However, in practice, dealing with very
large ¢,,’s is not an easy task in general [47]. In particu-
lar, since the “SPP” mode spreads far away in the dielec-
tric region at long wavelengths (the mode is no longer
well confined on the interface), the calculation of their
scattering coefficients is problematical with the a-FMM.
In addition, near the resonance wavelength, t4(k,) and
ra(k,) become extremely sensitive to the values of these
scattering coefficients (especially to the values of p'F® and
7PO) that appear in the denominator); thus a very high
precision is required for the calculation. Due to these dif-

SPP model

0 0.1 0.2 0
kx /(2nla)

Transmittance

Ly - SPP model
— HW model
: A
{ N\
0 —_ — —

- |

Fig. 3.

kx /(2n/a)
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ficulties, we rather prefer fitting the fully vectorial data of
EOT spectra obtained for infinite conductivity with the
model equations to determine the scattering coefficients.
We use the fully vectorial method in [48] to compute the
spectra. As will be shown in Figs. 4(c) and 4(d) below, the
predictions of the model show perfect agreement with the
fully vectorial data.

4. PREDICTIONS OF THE MICROSCOPIC
HYBRID-WAVE MODEL

A. Comparison between Fully Vectorial Data and Model
Predictions

To evidence the validity and the high precision of the HW
model, we have compared the model predictions with fully
vectorial RCWA [16,49] computational data and with the
predictions of the pure-SPP model [20]. Figure 3 shows
the comparison for different incident angles and for the
near-infrared band. All the data are obtained for a gold
membrane in air perforated by a fully periodic 2D hole ar-
ray. Figure 3(a) shows the zeroth-order transmittance 7'
=|tp(k,)|? for various incident angles # and wavelengths \
(note that £,=27\"1 sin 6). Figures 2(b) and 2(c) show the
zeroth-order transmittance and reflectance spectra for
two incident angles: #=0° and 5°. The deviation between
the RCWA data and the HW-model predictions is almost
imperceptible.

HW model

02 0 0.1 0.2
kx l(2r/a)

(c)

Reflectance

0.44 — SPP model
—HW model

0.2 — A
0.9 1 1.1
Lla

(Color online) Comparison between the RCWA data and the model predictions for different incident angles 6 and for the near-

infrared band. All the data are obtained for a gold membrane in air perforated by a periodic 2D array of square holes; the period is a
=0.94 um, the hole side length is D=0.266 um, and the membrane thickness is d=0.2 um. (a) Zeroth-order transmittance obtained with
the RCWA (left), the SPP model (middle), and the HW model (right). The dotted-white lines represent the air light lines, at which a
diffraction order propagates parallel to the metal surface. (b),(c) Zeroth-order transmittance and reflectance spectra for two incident
angles 6=0° (red) and 5° (green), obtained with the RCWA (dotted), the SPP model (dashed), and the HW model (solid). The inset in (b)
shows the transmittance in a logarithmic scale and evidences the existence of a deep transmission minimum.
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Additional comparisons performed at visible, thermal-
infrared, and low frequencies for which metals act as per-
fect conductors are shown in Fig. 4. Again the HW model
exhibits perfect agreement with the fully vectorial data at
all frequencies that are below the gold plasma frequency
in the blue; in comparison the SPP model becomes less
and less precise at long wavelengths. This can be ex-
plained by the fact that the excitation of SPPs becomes
weaker at longer wavelengths and even vanishes for per-
fect conductors, while the excitation of quasi-CWs re-
mains almost constant at all these frequencies [21,36].

B. Phase-Matching Condition

Compared with the pure-SPP model [20], the new model
that incorporates both SPPs and quasi-CWs provides a
richer and more quantitative insight into the EOT. For
small holes that support only evanescent modes, the en-
hanced transmission is attributed to the very large values
of t4 and ry [19,32,20], which originate from the zero of
the denominator in the model equations (9) or (10). It has
been shown that for small holes that scatter little energy,
p=0, 7=1, and arg(7+p) ~arg(7) is a very small positive
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Fig. 4.

1.15
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number [20]. So the denominator in Eqgs. (10) under nor-
mal incidence can be made very close to zero, provided
that XHyw has a large modulus and satisfies a phase-
matching condition,

arg(1/ZHyw + 1) = arg(7+ p) = arg(nmod 27. (14)
Equation (14) contains the phase-matching condition
given by the SPP model as a special case consisting of ne-
glecting the quasi-CWs (2Hqw=0). Since the in-plane
propagation constants of the quasi-CW and of the SPP are
both quite close to the free-space propagation constant
ko=2m/\ [36], very large value of |[SHyy| is anticipated
for N\=a, for which the HW fields scattered by all indi-
vidual chains add up constructively. This analysis is con-
firmed in Fig. 5. The peak wavelength of the transmit-
tance |t4]? is exactly predicted by the phase-matching
condition (14), while the peak wavelength predicted by
the SPP model is blueshifted. The enhanced agreement
can be explained by the slightly lower phase and modulus
of 1/3Hyw+1 compared with 1/3Hgp+1=exp(-ikgpa),
near the resonance wavelength. Note that if the SPP

(b)

1_
0.64"
0.2 e Dlgr?_um 8l=0.53un‘ll
0.95 1 1.05 1.1 1.15
Lila
(d)
---------- fully - vectorial 6=5°
- HW model
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(Color online) Comparison between the fully vectorial data and the model predictions for various wavelength ranges. All the data

are obtained for a gold membrane in air perforated by a periodic 2D array of square holes; the hole side length is D/a=0.28, and the
membrane thickness is d/a=0.21, with a being the grating period. (a),(b) Zeroth-order transmittance and reflectance spectra under nor-
mal incidence, which are obtained with the RCWA (dotted), the SPP model (dashed), and the HW model (solid) and are shown in the
visible (red, a=0.68 um), the near-infrared (green, a=0.94 um), and the thermal-infrared (blue, a=2.92 um) bands. (c),(d) Perfect con-
ductor results under normal and oblique incidence (#=5°), which show the zeroth-order transmittance 7' (red) and reflectance R (green)
spectra for very low frequencies. The fully vectorial data are shown with dotted curves and the HW-model predictions with dot marks.

The inset in (¢) shows T in a logarithmic scale.
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Fig. 5. (Color online) Phase-matching condition under normal
incidence. (a) The phase (upper) and the modulus (lower) of 7
+p (dotted-red lines), 1/3Hgp+1=exp(-ikgpa) (dashed-green
lines), and 1/SHpyw+1 (solid-blue lines). (b) Transmittance |t4|?
obtained with the RCWA (dotted-red lines), the pure SPP model
(dashed-green lines), and the HW model (solid-blue lines). The
inset shows |¢4]? in a logarithmic scale. The phase-matching con-
dition, which corresponds to the two intersections in (a) for pre-
dicting the peak wavelength of |¢4]?, is labeled by the left and
right dashed-dotted vertical lines for the SPP model and for the
HW model, respectively.

mode matches the incident light through the reciprocal
grating momentum, i.e., if N\/a=Re(kgp)/ky=1.01 at nor-
mal incidence, the transmittance exhibits a deep dip that
is predicted by both models [inset in Fig. 5(b)]; there
1/3Hyzw+1=1/3Hgp+1 as shown in Fig. 5(a). The model
is also valid for oblique incidence [see Egs. (9)]. The reso-
nance occurs for (+k,—kp)a=~0 mod 27 [corresponding to
the two white-dotted light lines in Fig. 3(a)] and is exactly
located by the phase-matching conditions of
arg(1/SHyw+1) ~arg()mod 27 [corresponding to the
two transmission branches in Fig. 3(a)].

Although out of the main stream of the present paper,
it is worth mentioning that the HW model is again quan-
titative for arrays of large holes, annular holes [50] or
slits [28], which support a single propagative aperture
mode. This is because the Fabry—Perot equation (2) re-
mains valid when the aperture supports a single propaga-
tive mode [28,50]. However, in such cases, the physics of
the enhanced transmission is quite different, since now
the crucial scattering process shown in Fig. 1(a) is no
longer energy conservative: except for very narrow aper-
tures, |7 is considerably smaller than 1 because a non-
negligible fraction of the incident SPP energy is carried
away by the propagative aperture mode.

5. CONCLUSION

We have presented a comprehensive model of the extraor-
dinary optical transmission (EOT) through periodic sub-\

Vol. 27, No. 12/December 2010/J. Opt. Soc. Am. A 2549

metallic hole arrays. The model relies on a new formalism
[39], which assumes that the field scattered by sub-\ ob-
jects on metallic surfaces is always composed (for a given
frequency) of a fixed proportion of a surface plasmon po-
lariton (SPP) and of a quasi-cylindrical wave (quasi-CW)
[Eq. (1)]. The total field is called a hybrid wave (HW).
Thanks to a formal analogy with the classical scattering
coefficients of SPPs, we have defined scattering coeffi-
cients [Figs. 1(a)-1(c)] for this wave, which is not a nor-
mal mode. By writing down coupled-wave equations for
the set of HWs generated at every aperture, we have ob-
tained analytical expressions [Eqgs. (9)—(13)] for the EOT
[Fig. 1(d)]. Compared with the pure-SPP model proposed
in [20], the HW model provides much more accurate pre-
dictions over a much broader spectral range, from the vis-
ible to the far-infrared and microwave regions of the spec-
trum (Figs. 3 and 4). This arises from the fact that the
present model additionally takes into account the quasi-
CWs that dominate SPPs at far-infrared and longer wave-
lengths [21,36]. The model clarifies the exact roles of the
SPP and of the quasi-CW in forming the EOT phenom-
enon [Fig. 5 and Eq. (14)] and clarifies the impact of the
frequency-dependent metal conductivity in the EOT
[18,51,52], an issue that has largely puzzled initial inter-
pretations [53,54,30]. We believe that the model is valid
in general for explaining many Wood-type anomalies
[33,34] on metallic surfaces, and that it can facilitate the
design of various surface-resonance-based devices
[1,22-28,51,52] operating from visible to microwave fre-
quencies.
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