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PHYSICAL REVIEW A, VOLUME 61, 043807
Quantum intensity noise of laser diodes and nonorthogonal spatial eigenmodes

Jean-Philippe Poizat,* Tiejun Chang, and Philippe Grangier
Laboratoire Charles Fabry de l’Institut d’Optique, UMR 8501 du CNRS, Boıˆte Postale 147, F91403 Orsay Cedex, France

~Received 30 July 1999; published 13 March 2000!

Laser systems with nonorthogonal eigenmodes have a linewidth that is broader than the usual Schawlow-
Townes value, by a factor that is known as the Petermann excess noise factor. In a recent quantum analysis,
this excess noise was attributed to loss-induced coupling betwen the laser modes. Using the same approach, we
show here that the Petermann excess noise also appears on the laser quantum intensity noise. The calculation
is shown to be in good agreement with an experiment using a laser diode with two contributing transverse
modes.

PACS number~s!: 42.50.Lc, 42.55.Px, 42.60.Jf
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I. INTRODUCTION

Laser diodes have proved in the past two decades to
very powerful and convenient tool in the field of telecomm
nications@1#, spectroscopy@2–5#, and many other applica
tions @6#. Their main advantages are compactness, ene
efficiency, tunability, and low intensity noise. This last pro
erty has been brought into the quantum domain by Yam
moto and coworkers@7–9#, who demonstrated that appropr
ate control of the driving current in laser diodes allows o
to generate sub-Poissonian light through pump-noise s
pression@10#. However, not all laser diodes are able to ge
erate sub-Poissonian light~also referred to as squeeze
light!, and detailed investigation of the ‘‘excess noise’’
laser diodes~i.e., the mechanisms that reduce or even des
squeezing! has arisen great interest in recent years@11–21#.

The main avenue that has been followed to underst
this excess noise is the investigation of the influence of m
timode effects. In principle, the total intensity noise of
multimode laser can be perfectly squeezed, provided tha
gain medium is perfectly homogeneously broadened.
low total noise then rely on very strong anticorrelations~up
to 40 dB! among modes that are individually very nois
@13–18#. However, small inhomogeneities, such as satura
losses@19,20#, degrade slightly these anticorrelations, a
the total intensity noise increases@15–20#.

More recently, it was realized that even in lasers with
single lasing mode, excess noise may also arise owing
multimode cavity structure. This type of excess noise is of
referred to as Petermann excess noise, and is related t
appearance of nonorthogonal eigenmodes in the laser c
@22–37#. In this paper, we analyze further the existence
nonzero correlations between lasing and nonlasing mo
associated to an excess noise in the lasing mode. We
show in more detail that this effect can be described a
contamination of the lasing mode by the noise of a s
threshold mode, through an effect that we called ‘‘los
induced coupling’’ @36,37#, and that is directly related to
Petermann excess noise. In Sec. II, we present experim
observations realized with a semiconductor laser in
grating-extended external cavity configuration. In Sec.
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we introduce and then construct a theoretical model base
coupled Langevin equation, which allows us to study t
effect of the loss-induced mode coupling on the laser no
Finally, we present a comparison between theory and exp
ment ~Sec. IV!.

II. EXPERIMENT

A. Experimental set-up

The single-mode semiconductor laser that has been u
is a Fabry-Perot, quantum well, index guided AlxGa12xAs
device~SDL 5411-G1! emitting at 810 nm. It is collimated
by a high-numerical-aperture~0.65! aspherical lens. The
semiconductor laser is stabilized by the 5% feedback of
first order reflection an external grating located at 10 cm
the laser, in a Littrow configuration. The zeroth order co
tains 90% of the input light. The gold-coated grating h
1200 groves/mm, and it is blazed for a wavelength of 2
nm. The relatively low feedback level allows for a larg
overall outcoupling efficiency of the system, and it is st
large enough to lock efficiently the laser on the gratin
extended cavity. The single mode operation is continuou
checked using a scanning Fabry-Perot and an oscillosc
and the mode frequency is controlled by adjusting the len
of the external cavity via a PZT holding the external gratin
As in Ref.@35#, the transverse mode analysis is performed
the direction contained in the junction plane of the diod
The ~horizontal! plane of incidence on the grating is perpe
dicular to this plane, so that the wavelength tuning of t
grating is independent from the transverse mode analy
The intensity profile of the beam has been checked to b
Gaussian. From previous analysis@35#, the spatial behavior
of this laser can be described by considering essentially
spatial modes, labeledTE00 andTE10. Though the contribu-
tion from other higher order spatial modes is not stric
zero, it will be ignored in a first approach, which will mak
the measurements simpler and the discussion clearer.

The experimental setup~shown in Fig. 1! is similar to the
one used in Ref.@35#. The noise analysis frequency is 1
MHz, but the frequency dependence of the noise is ess
tially flat within the bandwidth of our detectors~5–25 MHz!.
The laser beam is split into two channels. On channel
detectorD1 is a split photodiode~EGG C30822!. An essen-
tial point in the experiment~see Ref.@35# and Sec. IV A
©2000 The American Physical Society07-1
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below! is that when the switchS1 is in position ‘‘minus,’’ the
noise of the photocurrenti 1 gives the fluctuations of mod
TE10. On channel 0, detectorsD0 andD08 are high efficiency
p-i -n photodiodes~Silicon Sensor SSO PD20-7!, used as a
balanced detection. The switchS0 is used for the shot nois
calibration. When it is in position ‘‘plus’’~respectively ‘‘mi-
nus’’!, the photocurrenti 0 is proportional to the noise o
modeTE00 ~respectively to the beam shot noise! @38#. The
correlation between the noises of modeTE00 (S0 is in posi-
tion ‘‘plus’’ ! and TE10 (S1 in position ‘‘minus’’! is mea-
sured by recording the difference between the noise le
corresponding toS2 in position ‘‘plus’’ and ‘‘minus.’’ We
have checked that this method, which will be used throu
out this work, gives the same results as a fitting procedur
the noise profile which was used in Ref.@35#. We note that
the noise and the correlation values given below are c
rected for the transmission of all the optical components
cated after the grating and for the detectors quantum
ciency.

When the driving current is increased, the beam of
free-running diode moves slightly, with a maximum angu
deviation of about 331024 rad. This is attributed to a
thermally-induced motion of the laser chip with respect
the collimating objective, and this leads to a slight misalign
ment of the grating at high currents. In the following, t
alignment procedure used for the grating will thus be critic
We note that in general terms, a misaligned grating will
duce a coupling between the transverse modes of the di

B. Experimental results

1. Noise and correlations

Figures 2 and 3 show the experimental results of the n
of lasing modeTE00, the noise of non-lasing spatial mod
TE10, and the correlation between the two modes, as a fu
tion of the driving current. It can be seen in Figs. 2~b! and
3~b! that the noise of nonlasing spatial mode TE10 increases
with the current as expected for a subthreshold mode.

In the experimental results presented in Fig. 2, the ex
nal feedback is not realigned for each value of the curre
The alignment of the external grating is obtained by mi
mizing the threshold current, and then kept the same for
currents. The grating will therefore find itself slightly mis
aligned at high current owing to the beam motion of t

FIG. 1. Experimental setup for measuring the noise of las
main modeTE00, the noise of non-lasing modeTE10, and the
correlation between the two modes.D0 andD08 are ordinary photo-
diodes.BS0 is the 50-50 beamsplitter of the balanced detection.D1

is a split photodiode.S0,1,2 are RF switchable~1/-! power combin-
ers. S.A. is a spectrum analyzer.
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thermally induced motion of the laser chip. The most imp
tant point here is that the noise of the lasing mode is a
increasing for high current. According to the single mo
theoretical model for laser diode squeezing~see Sec. III be-
low!, this noise should be decreasing with current and re
a limit associated with quantum efficiency, as shown by
dotted line on Fig. 2~a!. It can be observed in Fig. 2~c! that
the excess noise of the lasing main mode is correlated w

g

FIG. 2. All graphs are plotted versus the laser diode driv
current. The external grating is not realigned for each current.
lines are the theoretical two-mode model presented in Sec. III.
curve ~a!, the * are the spectral variance^dP0,out

2 & of the lasing
mode~in dB!, and the1 are the opposite of the quantum efficienc
of the laser. The dotted line is the prediction of the model when
coupling is set to zero. On curve~b! is plotted the variance
^dP1,out

2 & of the nonlasing mode~in dB!, on curve~c! the normal-
ized correlation, and on curve~d! the calculated value of the Pete
mann excess noise factorKP .
7-2
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QUANTUM INTENSITY NOISE OF LASER DIODES AND . . . PHYSICAL REVIEW A61 043807
the noise of theTE10 mode owing to the misalignement o
the grating. The origin of the noise increase in the m
mode and of the nonvanishing correlation is attributed
loss-induced coupling between the two modes@37#. In Sec.
III we construct a theoretical model to explain this pheno
enon.

On the other hand, the results displayed in Fig. 3 h
been obtained by realigning the external grating for e
current in order to minimize the intensity noise level of t
lasing mode. It is to be mentionned that the alignement of
grating at high current is a delicate and hazardous opera
owing to the possible thermal damages caused by the l
optical intensity not properly fed back into the laser wav
guide. As can be seen in Fig. 3, the realignement of
grating at each current leads to a behavior of the main m
noise that follows the single-mode theoretical prediction, a
to an almost vanishing correlation. The large dispersion
the correlation is attributed to the extreme sensitivity of
grating alignement.

FIG. 3. All graphs are plotted versus the laser diode driv
current. The external grating is realigned for each current, so
the correlation should in principle be zero. The lines come from
theoretical two-mode model presented in section III. On curve~a!,
the * are the spectral variance^dP0,out

2 & of the lasing mode~in dB!,
and the1 are the opposite of the quantum efficiency of the las
The dotted line is the prediction of the model when the coupling
set to zero. On curve~b! is plotted the variancêdP1,out

2 & of the
non-lasing mode~in dB!, and on curve~c! the normalized correla-
tion.
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2. Beam steering

In the case corresponding to Fig. 2~grating misaligned!,
we have noticed that changing the external cavity length w
the PZT on which the grating is glued gives rise to a steer
~i.e., an angular deviation! of the output beam. This effect i
attributed to the fact that the amplitude of the lasing mo
has a small contribution from theTE10 mode. Then a modi-
fication of the external cavity length changes the relat
phase between modeTE00 and modeTE10. This appears as
a change in the direction of the emitted beam, which at
first order remains Gaussian in shape@39#. Let us mention
that this steering effect is intrinsic to the mode coupling
fect, and is not directly related to the beam motion of t
free-running diode discussed earlier: here, the beam stee
effect appears for a given current, and its amplitude depe
on the grating alignment. From the observed beam shape
steering, we have checked that the admixture ofTE10 in the
lasing mode remains small, typically less than 0.1 in am
tude.

We conclude from these observations that a signific
mode-coupling effect is present in the extended cavity la
and can be attributed to a grating misalignment. As we w
see below, this effect has many generic features connecte
the Petermann excess noise factor, which make it worthw
to understand in detail. We will thus consider in the follow
ing section a general theoretical model for the coupling
laser modes in the presence of cavity losses~‘‘loss-induced
coupling’’! @36,37#.

III. THEORETICAL MODEL

A. Two-mode laser model

The purpose of this model is to describe a two-spa
mode laser, taking into account losses, gain, and coup
between the two modes. For a perfectly aligned ideal la
the mode basis is made of the cavity eigenmodesTE00 and
TE10, which are orthogonal@40#. We will assume as usua
that the lasing mode is theTE00 mode, and the nonlasing
mode is theTE10 mode. When the alignment of the cavit
~i.e., the external feedback in our experiment! is not perfect,
the TE00 and TE10 modes are coupled, and in presence
losses it can be shown that the laser eigenmodes@40# are no
longer orthogonal@36,37#. These nonorthogonal eigenmod
$u0 ,u1%, which are linear combinations of modesTE00 and
TE10, have been used in semiclassical calculations of
Petermann excess noise factor.

In order to build a quantum model, an orthogonal basis
required for quantization, as explained in@36,37# ~see also
appendix A!. This orthogonal basis$w0 ,w1% is built by first
chosing w15u1, where u1 is the eigenvector having th
smallest eigenvalue, i.e., the nonlasing mode. Thenw0 is
taken as a linear combination ofu0 andu1, which is chosen
orthogonal tow1 ~Schmidt orthonormalization procedure!. A
central point, which is demonstrated in Appendix A, is th
modew1 will then appear in the roundtrip evolution of mod
w0 ~the reverse is not true, sincew1 is a cavity eigenmode!.
In physical term, we shall say that the lasing modew0 is
‘‘contaminated’’ by the nonlasing modeu15w1. We may

at
e

.
s
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POIZAT, CHANG, AND GRANGIER PHYSICAL REVIEW A61 043807
thus describe the two-mode situation using the sche
shown in Fig. 4. In general, the lasing mode coherent am
tude is a linear combination ofTE00 andTE10 modes, with
coefficients that may vary with the driving current, as it h
been experimentally observed~see Sec. II B 2 above!. In the
following sections, we will show explicitly that such a con
figuration leads to excess noise in the lasing mode.

We note that the generic situation where~many! nonlas-
ing modes contaminate the lasing mode is directly relate
the ‘‘loss-induced coupling’’ introduced in Ref.@37#. The
Schmidt orthonormalization procedure which was us
above to construct the two dimensional orthogonal ba
$w0 ,w1% can be generalized to an arbitrary, but finite numb
of modes ~see Appendix A!. Based on this picture, loss
induced coupling can then be considered as the basic me
nism for explaining Petermann excess noise@22–37#.

B. Coupled Langevin equations

This theoretical model is based on coupled Lange
equations for the electromagnetic field operators of one
ing mode ~labeled by the subscripti 50), one nonlasing
mode~labeled by the subscripti 51), and the excited carrie
population operator. In order to describe the amplitude fl
tuations of the field, we will take the mean laser field as
real number, and we introduce the amplitude quadrature
erator

Pi5ai1ai
† . ~1!

For the lasing mode, the Langevin equation is given by

dP0~ t !

dt
5

1

2 F2S 1

t0
(po)

1
1

t0
(pe)

1k0D 1N0~ t !A0GP0~ t !

12g0
(po)~ t !12g0

(pe)~ t !12j0~ t !1Ak0D~ t !,

~2!

and for the nonlasing mode

dP1~ t !

dt
5

1

2 F2S 1

t1
(po)

1
1

t1
(pe)

1k1D 1N1~ t !A1GP1~ t !

12g1
(po)~ t !12g1

(pe)~ t !12j1~ t !1Ak1C~ t !,

~3!

FIG. 4. The modea0 is lasing while the modea1 is below
threshold. The modea1 is coupled with modea0 via a coupling
moded. Modec is in the vacuum state.
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where the parameterki is associated to the magnitude of th
coupling between the two modes~see Fig. 4!, and the inter-
mediate ‘‘loss’’ mode is written as

D~ t !5d~ t !1d†~ t !5Ak1P1~ t !2C~ t !, ~4!

whereC(t)5c(t)1c†(t), and modec is in the vacuum state
In Eqs.~2! and~3!, 1/t i

(pe) is the photon decay rate due to th
coupling mirror and it is identical for the two mode
1/t0

(pe)51/t1
(pe) , and 1/t i

(po) is the photon decay rate due t
intracavity optical losses. The lasing mode has smaller o
cal loss than the nonlasing mode, therefore we have 1/t0

(po)

,1/t1
(po) . The coefficientAi is the spontaneous emissio

rate and it is same for two modes,A05A1. The quantities
Ni(t) are the excited carrier numbers associated to the n
lasing and lasing modes, respectively.

In the Langevin equations for the two modes, the ter
g i(t) and j i(t) are Langevin noise operator terms, whic
represent the coupling of the field to heat baths. Theg i

(pe)(t)
terms are associated with the output coupling, theg i

(po)(t)
terms correspond to the internal cavity losses, and thej i(t)
terms concern the noise associated with the stimulated e
sion. Their correlation functions are given in Appendix B

Above threshold, the oscillation condition for the lasin
mode imposes

^N0&A05
1

t0
, ~5!

whereas the carrier numberN1(t) associated to the non
lasing mode verifies

^N1&A1,
1

t1
, ~6!

where 1/t i51/t i
(po)11/t i

(pe)1ki indicates the total cavity
loss of the lasing and the nonlasing modes, respectively.
carrier numbersN0 and N1 have actually quite differen
roles. On one hand,N0 is a dynamical variable that sets bo
the amplitude and the noise of the lasing mode, through
gain saturation mechanism. On the other hand, the only
of N1 is to set the value of the gain for mode 1 which appe
in Eq. ~3!, without any feedback mechanism. Since this g
is not known precisely, we will use for̂N1& the following
phenomenological expression

^N1&5mp1s^N0&, ~7!

wherem and s are constants depending on the gain dis
bution profile, withs,1 . The parameterp is the pumping
rate, p5I /e , where I is the driving current ande is the
electron charge. Physically, the first term on the right-ha
side of Eq. ~7! is associated to the non saturated exci
carrier on the two edges of the gain region. This carrier nu
ber is therefore increasing proportionaly to the pump ra
The second term corresponds to the gain in the center reg
which is clamped by the lasing mode. The value ofs corre-
sponds to the imperfect overlap of the amplitude profiles
the spatial modes.
7-4
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QUANTUM INTENSITY NOISE OF LASER DIODES AND . . . PHYSICAL REVIEW A61 043807
The equation of motion for the excited carrier numb
N0(t) is then

dN0~ t !

dt
5p2

N0~ t !

tsp
2A0~n0~ t !11!N0~ t !

1G (p)~ t !1G (sp)~ t !1G~ t !, ~8!

wheretsp is the spontaneous electron lifetime,n05a0
†a0 is

the photon number operator of the lasing main mode in
cavity. The last three terms Eq.~8! are Langevin noise op
erators. The first oneG (p)(t) is associated with the pum
noise. The second and third one,G (sp)(t) and G(t) are re-
spectively associated to spontaneous noise and stimu
emission noise. Their correlations and cross-correlations
given in Appendix B. It can be noticed that the nonlasi
mode has no contribution to the fluctuations of the exci
carrier number

The noises of the two modes and their correlations
obtained after linearization around mean values. The deta
derivation for obtaining the various noise powers and co
lations is given in Appendix C. The variance of the zer
frequency output amplitude fluctuations of the nonlas
mode is given by

^dP1,out
2 &511

8^N1 &A1

S 1

t1
2^N1&A1D 2

t1
(pe)

511^:dP1,out
2 :&,

~9!

where ^:dP1,out
2 :&5^dP1,out

2 &21 corresponds to the exces
noise above the shot-noise level. The ‘‘:’’ means that norm
ordering is used. As expected, when^N1 &50, i.e., without
gain, this excess noise is zero.

The zero frequency noise power of the lasing mode can
written as the sum of two terms

^dP0out
2 &5^dP0out

2 &uk1501^dP0out
2 &uk0k1

, ~10!

where ^dP0out
2 &uk150 is associated with the zero-couplin

case (k150) and is given by

^dP0out
2 &uk150511S t0

t0
(pe)D ~211x12x21e~11x!!,

~11!

wherex51/(tspA0n0). This expression is the standard res
from a single-mode theoretical model, which appears a
dotted line on Figs. 2 and 3. On the other hand, the no
leaking from nonlasing mode to lasing mode is directly p
portional to the noisê:dP1,out

2 :& of the nonlasing mode an
is written

^dP0out
2 &uk0k1

5k0k1~11x!2t0
2
t1

(pe)

t0
(pe) ^:dP1,out

2 :&. ~12!

The correlation between the two modes is given by
04380
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C015^dP0outdP1out&5Ak0k1~11x!t0At1
(pe)

t0
(pe) ^:dP1out

2 :&.

~13!

Equations~12! and ~13! show that both the excess noise
the lasing mode and the correlation between the modes
proportional to the excess noise of the subthreshold m
^:dP1out

2 :&, and depend on the magnitude of the coupli
between the two modes.

We also note that the following relation is fulfilled~see
discussion Sec. III C 2!:

^dP0out
2 &uk0k1

5
C01

2

^:dP1out
2 :&

. ~14!

C. Discussion

1. High current case

From the experiment, it appears that a large correlat
between the lasing mode and the nonlasing mode, as we
a large excess noise in the lasing mode, are observed for
values of the driving current. In this case, the equations
noise and correlation can be simplified by usingA0n0
@1/tsp andA0^N0&51/t0, and one obtains

^dP0out
2 &uk150511~e21!

t0

t0
(pe)

. ~15!

In the same way, due tot1
(pe)5t0

(pe) , we can write

^dP0out
2 &uk0k1

5k0k1t0
2^:dP1out

2 :&. ~16!

For the casee50, we have then

^dP0out
2 &512

t0

t0
(pe)

1k0k1t0
2^:dP1out

2 :&, ~17!

and for the correlation, we obtain

C015^dP0outdP1out&5Ak0k1t0^:dP1out
2 :&. ~18!

Equations~16!,~17!, and ~18! show in a compact form that
when the semiconductor laser is driven far above thresh
both the excess noise and the correlation are directly rel
to the noise of the subthreshold mode.

2. Minimum noise and correlation

Since the excess noises in the two modes are correla
one may try to extract the noise in the nonlasing mode
order to correct the noise in the lasing one. The best re
that can be obtained using such a procedure is equal to
so-called conditional variance of mode 0, given mode
which is

^dP0out
2 &corr.5^dP0out

2 &uncorr.~12C01N
2 !, ~19!

where the normalized correlation is given by
7-5
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C01N
2 5

C01
2

^dP0out
2 &^dP1out

2 &
. ~20!

One has thus

^dP0out
2 &uncorr.2^dP0out

2 &corr.5
C01

2

^dP1out
2 &

. ~21!

This expression, which was used for instance in Ref.@35#,
differs from the excess noise obtained above:

^dP0out
2 &uk0k1

5
C01

2

^:dP1out
2 :&

5
C01

2

~^dP1out
2 &21!

.
C01

2

^dP1out
2 &

.

~22!

These two expressions are different because a measure
of the noise in mode 1 will involve a contribution from sh
noise, which brings no useful information. Thus the corr
tion cannot be perfect, and a better result is obtained
suppressing directly the noise at its source, rather than
tempting to correct it : this is the meaning of the differen
between Eqs.~21! and ~22!. We note that in the case wher
^dP1out

2 &@1, the shot noise contribution is negligible and t
two equations become the same.

3. Petermann factor

From the calculation given above, one can easily ded
the Petermann excess noise factor, defined as usual a
broadening of the laser linewidth with respect to t
Schawlow-Townes value@37#. For doing that, we note tha
Eqs.~2! and~3! have just the same form when written for th
phase quadraturesQ5(a2a†)/ i . The Petermann factor ca
then be calculated either from the ‘‘spontaneous’’ noise
from the ‘‘vacuum’’ noise, as explained in detail in Re
@37#. We thus obtain

KP511
4k0k1t0^N1 &A1

S 1

t1
2^N1&A1D 2 511~k0k1t0t1

(pe)/2!^:dQ1,out
2 :&.

~23!

with ^:dQ1,out
2 :&5^:dP1,out

2 :& for spontaneous emissio
noise. This value is plotted in Fig. 2~d!. We note that the
corresponding values ofKP are rather small, so that a dire
measurement of the linewidth enhancement factor is p
sible, but would not be very easy to carry out.

In order to compare Eq.~23! with standard results, on
must assume that both modes see the same gain@24#, con-
trary to the more general situation that we considered bef
Taking thus^N1&A151/t0, one obtains the usual result, in
volving only ‘‘cold cavity’’ parameters@36#:

KP511
4k0k1

~1/t121/t0!2
. ~24!

If one wishes to define a ‘‘Petermann factor’’KI for the
excess intensity noise, one needs a reference value, that
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be either the~squeezed! intensity noise of the truly single
mode laser, or the shot noise level~SNL!. It is thus more
convenient to rewrite Eq.~17! by using Eq.~23!, so that for
a noiseless pump the intensity noise far above threshold
comes

^dP0out
2 &512

t0

t0
(pe)

12
t0

t0
(pe) ~KP21!

512hL12hL~KP21!, ~25!

wherehL5t0 /t0
(pe) is the cavity quantum efficiency of th

lasing mode. This equation shows clearly that the exc
intensity noise of the lasing mode is directly related to (KP
21), which is in turn proportional to the mode couplin
coefficient k0k1, and to the spontaneous emission noise
mode 1. This emphasizes again that the excess inten
noise and phase noise have the same physical origin.

IV. COMPARISON BETWEEN THEORY
AND EXPERIMENT

A. Results

From the theoretical analysis carried out in Ref.@35#, it
can be shown that when the switchS1 of Fig. 1 is in position
‘‘minus,’’ the noise power of photocurrenti 1, normalized to
the SNL, is

^d i 1
2&511h1^:dP1,out

2 :&~p/2!f~a!, ~26!

whereh i is the overall efficiency of the detection channeli,
andf(a)5@12erf(a)#exp(4a2);1 takes into account the fi
nite spacing between the two photodiodes of the split de
tor. This spacing, normalized to the size of the beam~half
width at 1/e), is a50.05, and erf is the error function. Th
noise power of photocurrenti 0, normalized to its own sho
noise, is

^d i 0
2&511h0^:dP0,out

2 :&. ~27!

The experimental results together with the fitting results
shown in Figs. 2 and 3. The values of the fitting paramet
used for these three figures aretsp51029s, t0

(pe)5t1
(pe)

50.5310211s, t0
(po)51.22t0

(pe) , I th514 mA, which agrees
with known parameters of the laser. The optical loss of n
lasing higher order spatial mode is larger than that of las
main mode, we taket1

(po)50.48t0
(pe) . The coupling of the

non-lasing mode into the lasing mode isk050.13/t0
(pe) ,

which is 13% of the output coupling efficiency. The coef
cientsm and s are optimized in the fitting, and we takem
5tsp/10.2, ands50.57, which are compatible with an est
mation based upon the spatial mode distribution. The pu
noise is taken ase50, which means a quiet pumping of th
semiconductor laser.

From Fig. 2, we can see that the experiment is well fit
by a theoretical model assuming a constant value ofk15k0.
The noise of nonlasing mode increases with driving curre
As a result, more noise leaks into the lasing main mode
leads to an increase of its noise@see Fig. 2~a!#. The correla-
7-6
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tion between the two modes also increases with driving c
rent accompanying the rising of the noise of nonlasing mo
The origin of the correlation, proportional toAk0k1, is the
loss-induced coupling between the modes.

As said above, the curves of Fig. 2 were obtainedwithout
readjusting the grating. On the contrary, if the grating
slightly readjusted for high values of the current, we d
observe that both the noise of the main mode and the co
lation decrease. This behavior is illustrated on Fig. 3 :
iteratively doing such readjustments for each current, it w
possible to obtain values of̂dP0,out

2 & very close to the
single-mode values shown by the dotted line on Fig. 2~a!.
This is in agreement with the behavior already reported
Ref. @35#, though the required adjustements are more
more difficult to realize for high currents. This explains wh
the correlation is very noisy, though it is clearly smaller th
on Fig. 2.

B. Possible improvements

A slight discrepancy can be noticed in the fitting for t
correlation between the lasing and nonlasing modes@see Fig.
2~c!#: the theoretical value of the correlation is larger th
the observed value. We discuss below possible ways to
plain this missing correlation.

~i! It was said above that the relevant modes are not p
TE00 andTE10. From beam intensity measurements, we
timated the admixture of modeTE10 in the lasing mode to be
less than 0.1~in amplitude!. The resulting correction is too
small to explain the discrepancy.

~ii ! Other ~even order! transverse modes may be prese
but will not be detected by the split photodiode. We kno
from the fitting of the spatial noise distribution@35# that the
modeTE20 has a contribution for the spatial noise, althou
it is much smaller than that of modeTE10. As for mode
TE10, the loss-induced coupling between modeTE20 and the
main mode also depends on the alignment of the exte
feedback. Since the spatial distribution is symmetrical,
misalignment might result from a non perfect adjustment
the collimating lens, or from geometrical aberrations. A
rect proof of the existence of a correlation between the las
mode and even order subthreshold modes might be obta
by using a spatial noise measurement scheme more sop
cated than a simple split photodiode.

~iii ! In Fig. 2~a! we used a fixed value of the mode co
pling coefficient k150.13/t0

(pe) . However, this paramete
may also depend on the driving current, owing to the be
steering observed on the free-running diode. We have
compared the experimental results with a model in which
mode couplingk1 is linearly increasing from zero to it
nominal value as a function of the driving current. We ha
found a small quantitative improvement of the fits~the
curves remain qualitatively very similar with Fig. 2, and th
they are not shown here!.

~iv! The coupling between transverse modes might no
the only effect of the misalignement of the grating. Effec
such as the appearance of longitudinal side modes@15#, or
admixture of phase noise owing to phase amplitude coup
@41# cannot be completely excluded. These effects m
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clearly increase the noise, without contributing to the o
served correlation between spatial modes.

The effects listed above were included for completene
but from the good overall agreement shown on Fig. 2, th
should in any case remain small.

V. CONCLUSION

In this paper, we have studied in detail the quantum
tensity noise of a semiconductor laser stabilized by exte
cavity, which operates with a single longitudinal mod
Based on the experimental observations, we have c
structed a theoretical model to describe both the noise
the correlations of the lasing and nonlasing spatial mod
This theoretical model fits the experiment quite well.

These results emphasize the role of higher order spa
mode, which were already known to play a central role in
spatial distribution of the intensity noise@35#. The new point
here is the importance of the coupling between the nonlas
and lasing modes, that may be induced by a misalignmen
the external feedback. Such a coupling can actually be
tained within the laser chip, due to defects in the wavegu
ing structure, or to intracavity scattered light, which do n
rely on an external misalignement. This ‘‘loss-induced’’ co
pling between cavity modes has an influence on the nois
the main mode, which is increased by an amount that
pends both on the noise of the nonlasing mode, and on
coupling between the two modes. A non zero correlat
between the modes is associated to the increase in the n
level of the lasing main mode. The physics of this effect
closely related to the so-called Petermann excess no
which appears in lasers with a single-lasing mode.
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Français’’ ~BGF! fellowship. This work was completed a
part of the ESPRIT Project Number 20029 ‘‘Acquire’’ an
of the European TMR network ‘‘Microlasers and Cavi
QED.’’

APPENDIX A: LOSS-INDUCED COUPLING BETWEEN
LASER MODES

In this appendix are recalled the main results of Refs.@36#
and @37#.

Let us consider first the multimode cavity structure wit
out the gain mechanism~‘‘cold cavity’’ situation!. For quan-
tum consistency, the round-trip equation should include
only the ‘‘laser’’ modes, which will see the gain, but also th
‘‘vacuum’’ modes that correspond to the various loss ch
nels ~output coupling, but also internal scattering, wav
guide defects, grating misalignments . . .!. In the general
case, we introduce a set ofm11 normalized and orthogona
~classical! mode functions, which correspond to all inp
modes into the system. Any mode can be decomposed u
this set as a basis, and will be written as a column vec
$ein% ~input modes! or $eout% ~output modes!. For instance,
thenth basis vector is represented by a column with 1 on
nth line and 0 everywhere else. The general input-out
7-7
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transformation for a round trip in the cold cavity can then
written

$eout%5S$ein%. ~A1!

Since the set of mode functions will be used later on a
quantization basis, the scattering matrixS is by definition
unitary, in order to insure that all operator commutation
lations will be preserved in the input-output evolution. Sin
the modes can be split in two sets of ‘‘laser’’ and ‘‘loss
modes, it is convenient to introduce~Hermitian! projection
operatorsP andQ, such as

P25P, Q25Q, P1Q51, ~A2!

where P projects on the ‘‘laser’’ modes subset, and Q on
‘‘loss’’ modes subset. One obtains, therefore,

P$eout%5PS~P1Q!$ein%5TP$ein%1PSQ$ein%,
~A3!

wherePSQ$ein% corresponds to the contribution of the lo
modes, while the ‘‘truncated’’ scattering matrixT5PSPde-
scribes the input-output transformation for the laser mo
only. In general,T is not unitary, and therefore cannot a
ways be diagonalized in an orthogonal basis.~We note that a
matrix can be diagonalized in an orthogonal basis if and o
if it is normal, i.e., T†T5TT†. A unitary matrix is normal,
but the reverse is not true.! In semi-classical theories@24#,
only T is considered, hence the name of ‘‘non-normal re
nator.’’ In all cases, it is possible to diagonalizeT in a non-
orthogonal basis$un% ~with 0<n<m). More precisely, the
eigenvalues and eigenvectors ofT can be written under the
form @24#

TU5UG, ~A4!

whereU corresponds to a matrix with columns formed
the m11 normalized eigenvectors$un% of T, and G to a
diagonal matrix formed by the corresponding eigenval
gn . In general, the eigenvectors ofT are nonorthogonal, and
thereforeU is not unitary.

The usual approach for calculating the Petermann ex
noise is then to introduce the matrixV5(U21)† with col-
umns formed by the eigenvectors$vn% of T† ~‘‘biorthogo-
nal’’ basis!. Here we will use a different approach, which
the following. First, we order the eigenvectors$un% by de-
creasing modulus of their eigenvalues, keeping thus as
last one the modeu0 with the lowest losses~eigenvalue
modulus closest to one!. This mode will be called the ‘‘las-
ing mode,’’ since in a fully homogeneously broadened la
it will be the only one lasing. Then, starting fromum and
going down, we iteratively build an orthogonal basis$wn% by
constructing mutually orthogonal linear combinations of t
$un% ~Schmidt orthonormalization procedure!. The lasing
mode is thus the last one included in the procedure. SincT
is diagonal in the$un% basis, it is simple to show that it i
triangular in the$wn% basis. It is then obvious that the lasin
mode may include contributions from all other~subthresh-
old! modes, while no sub threshold mode will have a con
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bution from the lasing one. This is clearly required for co
sistency, since by definition a ‘‘nonlasing mode’’ cann
have a coherent field inside.

We thus obtain the very important result that it is alwa
possible to choose anorthogonalset of modes in such a wa
that one lasing mode is coupled to excess noise, wh
comes from all other modes, which contain only amplifi
spontaneous emission. This justifies the ‘‘one-way’’ co
pling used in the theoretical model. Physically and ma
ematically, the fact that the ‘‘leakage’’ from all subthres
hold modes in the lasing mode cannot be avoided is stri
equivalent to saying that theT matrix is non-normal, or that
the semiclassical laser eigenmodes are nonorthogonal, or
there is ‘‘loss-induced coupling’’ between the laser mod
~the loss modes being the ones which are inS, but not inT).

According to the calculations done in Ref.@37#, the total
amount of excess noise which is brought in the lasing m
is just given by the Petermann factor, and thus yields
correct value for the excess laser linewidth. The present
proach gives a quantum-mechanically consistent picture
the origin of this noise, which can now easily be included
laser equations in order to take into account other relev
effects such as saturation and sub-Poissonian pump noi

APPENDIX B: LANGEVIN NOISE CORRELATIONS

When the heat baths exhibit broad frequency spectra
therefore allow the dissipation processes to be considere
Markovian, their correlation function corresponding to t
field Eqs.~2! and ~3! are given as

^g i
(po)~ t !g i

(po)~ t8!&5
1

4t i
(po)

d~ t2t8!, ~B1!

^g i
(pe)~ t !g i

(pe)~ t8!&5
1

4t i
(pe)

d~ t2t8!, ~B2!

^j i~ t !j i~ t8!&5
Ai^Ni~ t !&

4
d~ t2t8!. ~B3!

For the amplitude of vacuum field, we have

^C~ t !C~ t8!&5d~ t2t8!. ~B4!

The correlations and nonzero cross correlations corresp
ing to the excited carrier equation of motion@Eq. ~8!# are
given by

^G (p)~ t !G (p)~ t8!&5epd~ t2t8!, ~B5!

with e50 for a pump-noise-suppressed laser, ande51 for a
laser driven by a Poissonian pump,

^G (sp)~ t !G (sp)~ t8!&5
^N0&
tsp

d~ t2t8!, ~B6!

^G~ t !G~ t8!&5A0^N0&^n0&d~ t2t8!. ~B7!
7-8
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Finally, due to their same physical origin, the noise ter
associated with the stimulated gain for the photons and
stimulated emission for the electrons are perfectly antico
lated and have cross correlations

^G~ t !j0~ t8!&52A0^N0&A^n0&
4

d~ t2t8!. ~B8!

APPENDIX C: EXPLICIT CALCULATION OF THE
NOISES AND CORRELATIONS

We present in this appendix the explicit derivation of t
expressions given in the main text for the noise power of
nonlasing mode@Eq. ~9!#, for the noise power of the main
mode@Eqs.~10!,~11!, and~12!#, and for their correlation@Eq.
~13!#.

The stationary solutions are obtained after tak
dPi(t)/dt50 anddN0(t)/dt50. From Eq.~8!, the fluctua-
tions of the excited carrier number is

dN05
2A0N0An0

1

tsp
1A0n0

dP01
G (p)~ t !1G (sp)~ t !1G~ t !

1

tsp
1A0n0

.

~C1!

For the nonlasing mode,^P1&50 and P15dP1. From Eq.
~3!, we get the amplitude fluctuations as

dP15
4g1

(po)~ t !14g1
(pe)~ t !14j1~ t !12Ak1C~ t !

1

t1
2^N1&A1

.

~C2!

It can be seen that the fluctuations of the excited car
number has no contribution to the amplitude fluctuations
the nonlasing mode.

Therefore, the variance of the zero-frequency intracav
amplitude fluctuations of the nonlasing mode is given by

^dP1
2&5

4S 1

t1
1^N1 &A1D

S 1

t1
2^N1&A1D 2 . ~C3!

The corresponding output amplitude is obtained using
usual input-output relations,

Pi ,out5
1

At i
(pe)

Pi22At i
(pe)g i

(pe) . ~C4!

The variance of the zero-frequency output amplitude fluct
tions of the nonlasing mode is given by

^dP1,out
2 &511

8^N1 &A1

S 1

t1
2^N1&A1D 2

t1
(pe)

511^:dP1,out
2 :&,

~C5!
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where ^:dP1,out
2 :&5^dP1,out

2 &21 corresponds to the exces
noise above the shot noise level. The ‘‘:’’ means that norm
ordering is used. As expected, when^N1 &50, ie without
gain, this noise is zero.

From the equation of motion of the lasing mode@Eq. ~2!#,
we can also get the fluctuation of the total excited carr
number as

dN052
1

A0An0

Ak0k1dP1

2
1

A0An0

@2g0
(po)~ t !12g0

(pe)~ t !12j0~ t !2Ak0C~ t !#.

~C6!

From this equation it can be seen that the contribution of
nonlasing mode to the fluctuations of the total excited car
number is via the coupling between the two modes. By co
paring Eqs.~C1! and ~C6!, we get the amplitude fluctuation
of lasing main mode as

dP05

1

tsp
1A0n0

A0
2N0n0

@Ak0k1dP112g0
(po)~ t !12g0

(pe)~ t !

12j0~ t !2Ak0C~ t !#

1
1

A0N0An0

@G (p)1G (sp)~ t !1G#. ~C7!

Using the nonzero correlations and input-output relation,
can obtain the noise of the lasing mode as

^dP0out
2 &5

1

t0
(pe)

S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
2At0

(pe)D 2

1~e21!

1

tsp
1A0n0

A0
2^N0&n0t0

(pe)
1S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
D 2

3S 1

t0
(po)

1A0^N0&1k0D 1S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
D 2

3S k0k1^dP1
2&2

4k0k1

1

t1
2A1^N1&D . ~C8!

In order to show the contamination effect clearly, the no
of the lasing mode is written as two terms: one is associa
with the zero-coupling case (k150) and the other corre
sponds to the contamination coming from the nonlas
mode (k0k1Þ0)

^dP0out
2 &5^dP0out

2 &uk1501^dP0out
2 &uk0k1

, ~C9!
7-9
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where

^dP0out
2 &uk1505

1

t0
(pe)

S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
2At0

(pe)D 2

1~e21!

1

tsp
1A0n0

A0
2^N0&n0t0

(pe)

1S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
D 2

3S 1

t0
(po)

1A0^N0&1k0D
511S t0

t0
(pe)D @211x12x21e~11x!#,

~C10!

wherex51/(tspA0n0). This expression is the standard res
from a single-mode theoretical model, which appears a
dotted line on Figs. 2 and 3. On the other hand, the no
leaking from nonlasing mode to lasing mode is
E

ys

-

v

ev

.

e

tt.
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^dP0out
2 &uk0k1

5k0k1S 1

tsp
1A0n0

A0
2^N0&n0At0

(pe)
D 2

3S ^dP1
2&2

4

1

t1
2A1^N1&D . ~C11!

From Eq.~C5!, we get

^dP0out
2 &uk0k1

5k0k1~11x!2t0
2

t1
(pe)

t0
(pe) ^:dP1,out

2 :&.

~C12!

The correlation between the two modes is given by

C015^dP0outdP1out&

5A k0k1

t0
(pe)t1

(pe)
S 1

tsp
1A0n0

A0
2^N0&n0

D ~^dP1
2&

22t1
(pe)^dP1g1

(pe)~ t !&2^dP1C~ t !&/Ak1!

5Ak0k1~11x!t0At1
(pe)

t0
(pe)^:dP1out

2 :&. ~C13!
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